ORF 526 - PROBABILITY FOR MODERN MACHINE LEARNING - FALL 2026

Lectures 5 and 6: Wick’sLTheorem and the Semicircle
aw

Pair partitions, the spectrum of a random matrix, and two proofs of the same theorem

OUTLINE Wick’s theorem — the Gaussian Wigner matrix — ||Mul|? for a fixed direction

The empirical spectral measure —» traces are moments — E tr M2 and E tr M* — non-crossing
pair partitions — the Catalan count — the semicircle law

HOW TO READ Sections marked * are not lectured. They are complete, they are examinable, and they carry
most of the exercises. Exercises are typed A, B and C; each week’s quiz has one of each.

1 Wick’s theorem, and Gaussian random matrices

Q. What can be computed about a random matrix without touching its eigenvalues?

Every moment of a Gaussian vector is a counting problem, and the entries of a symmetric
Gaussian matrix are a Gaussian vector. So anything polynomial in the entries — the length
of Mu for a fixed vector u, for instance — can be computed exactly.

1.1 Pair partitions
Definition 1.1 (Pair partition). A pair partition of {1,...,2q} is a partition into ¢ blocks of size
two.

Theorem 1.2 (Wick). Let X ~ N(0,%) on R? and ay,...,an € {1,...,d}. If m is odd then
E[Xq, -+ Xa,,] = 0. If m = 2q then

E[Xo Xay - Xag,] = > I Ze.

pair partitions P of {1,...,2¢q} {r,s}eP

Proof. By Corollary 1.7 of Lectures 1-2 every linear functional of X is a one-dimensional Gaussian,
so X has moments of every order, ¢ is infinitely differentiable, and its derivatives may be taken
inside the expectation. Since O, e~ iwg) = —1ix; e~ =€) multiplication by X ;j acts on the transform
as 1 0,

E[Xq, - Xa,,| = 0™ 0, "'3§Gm¢x(§)‘§:0' (1)

By Definition 1.3 of Lectures 1-2, px(§) = exp ( — %fTEQ — for every 3 > 0, degenerate cases
included — and differentiating it once,

Oeox (&) = = Ty & ex (&) (2)
J

Apply O,, -+~ O,  to (2) taken at i = a;. The factor §; is linear, so Leibniz leaves terms of two
kinds: those in which every derivative falls on ¢x, which still carry a factor &;; and, for each
5 € {2,...,m}, the one in which 0, falls on &; and produces d;,,. Setting § = 0 kills the first
kind, leaving

m
8£u.1 e afllm SDX‘O = = Z Ealas a{EaT:T#l,S}SOX‘O'
5=2



Rewrite both sides with (1) and multiply through by i™; since i2 =

and

—1 the two minus signs cancel

m
E[Xe - Xan] = 3 Zura, E[ I1 Xar} : (3)
5=2 r#l,s
pair the first factor with each of the others in turn, and recurse. Induct on m. Both sides vanish
for m = 1, and for m = 2 the claim is the definition of ¥. For m > 2, (3) drops the number of
factors by two, so parity is preserved: an odd product reduces to E[X,] = 0, and an even one to
a sum over pair partitions of the remaining 2¢g — 2 indices, each prefixed by ¥,,,, recording the
block containing 1. Summing over s enumerates every pair partition of {1,...,2q} once. |

Remark 1.3. Reading (3) with FI(X) = X, --- X,,, and noting that 0;F deletes the factor X
gives

E[X; F(X)] = >y E[0;F(X)],

J
Gaussian integration by parts, which for d =1 and ¥ =1 is E[gF (g)] = E[F'(g)] — Lemma 1.10
of Lectures 1-2, and Stein’s lemma in Lecture 4. It is Exercise 2.3 of Lectures 3—4; here it falls
out of Wick’s recursion for free.

1.2 Three examples

Corollary 1.4. There are (2¢ — 1)!! = (2¢ — 1)(2¢ — 3) - - -3 - 1 pair partitions of 2q points, and
E[g%1] = (2¢ — 1)!! for g ~ N(0,1).

Proof. Take d = 1 and ¥ = 1 in Theorem 1.2: every product of covariances equals 1, so the
moment is the number of pair partitions. That number is (2¢ — 1)!! because the point 1 has 2¢q —1
choices of partner and deleting that block leaves 2¢g — 2 points. |

Example 1.5 (Four indices). For ¢ = 2 the three pair partitions of {1,2,3,4} are {12}{34},

{13}{24}, {14}{23}, so
E[X1X2X3X4] = 212534 + 13824 + T14223.
Setting all four indices equal recovers E[X{] = 3%%,.

Example 1.6 (A quadratic form). Let X ~ AN(0,%) on R? and let A be symmetric. Then
EXTAX] = > AiE[X; X ;] = tr(AX), no Wick needed. For the second moment,

E[(XTAX)Q] = Z Aij A E[XZ‘XijXl] = Z AijAkl(EijEk[ + XXy + EilEjk)
ijkl ikl

by Example 1.5. The first term is (tr AX)?; the other two are each tr(AX.AY), by symmetry of A
and Y. Hence

Var (X" AX) = 2tr ((AX)?), and in particular Var (|| X|°) = 2tr 22



1.3 The Gaussian Wigner matrix

Definition 1.7 (Gaussian Wigner matrix). Let A be N x N with i.i.d. A/(0,1) entries and put

1
M= ——=(A+A").
o )
Then M is symmetric, its entries {M;;}i<; are independent centred Gaussians with IEMEJ» = %
for i < j and IEMZ% = %, and for all four indices

E[M;ijMu] = + (001 + 6udjk).- (4)

This ensemble is the Gaussian orthogonal ensemble, or GOE, for the reason in Remark 1.8. Ev-
erything below is (4) and Theorem 1.2; the construction itself never appears again. The two delta
terms are the two ways of matching {7, j} with {k,{}, and they are there because M;; = M;;:
an entry may be met twice under either name. The diagonal variance % comes out of the sym-
metrization (Exercise 1.9), and it is exactly what makes (4) hold at i = j = k = [ without a
special case. The N diagonal entries are a vanishing fraction of the N2,

Remark 1.8 (Why “orthogonal”). For any fixed orthogonal O, OAO" again has i.i.d. N(0,1)

entries — each entry is a unit linear functional of A, and Theorem 1.5 of Lectures 1-2 makes the

collection jointly Gaussian with the same covariance — so OMO" 2 M. The law of the spectrum
therefore cannot depend on the basis. This is the matrix form of the rotational invariance of
Corollary 1.6 of Lectures 1-2.

Exercise 1.9 (rver A). Verify Definition 1.7 from the construction: with A having i.i.d. A(0,1)

entries and M = ﬁ(/l + AT, compute E[M;;Mjy,] directly and obtain (4). Check the case

i = j = k = [ separately and confirm that the diagonal convention IEMEZ = % is forced, not
chosen.

1.4 One direction at a time

Before the eigenvalues, a question with the same shape but no linear algebra in it: fix a unit
vector v and ask how long Mw is.

Proposition 1.10. Let M be as in Definition 1.7 and let u € RN with |lu|| = 1. Then Mu is a
centred Gaussian vector with covariance

C = ]E[(Mu)(Mu)T} = I+uuT),

1
~
and consequently

Bl Mul? =1+ 5, Var|Mul?= 2 4 2

Proof. Each coordinate (Mu); = >, Mju; is a linear functional of the entries of M, so by
Theorem 1.5 of Lectures 1-2 the vector Mwu is centred Gaussian. Its covariance is (4) contracted
with u twice:

E[(Mu);(Mu)| = Zujul - (06t + 0adn) = % (Sirlul® + wiug),
i

which is C. Then E|Mul|> = trC = &(N +1). For the variance, Example 1.6 with A = I and
¥ = C gives Var ||[Mu||?> = 2tr C2, and since u'u = 1,

(I+uuT)2 =T+ 2uu’ +u(u w)u' =T+ 3uu’, trC? = ﬁ(]\f—l— 3). [



Remark 1.11. Two things are worth reading off. First, the answer does not depend on u — it
cannot, because OMOT < M by Remark 1.8, so the law of || Mwul|? is the same in every direction.
Second, the standard deviation is y/2/N against a mean of 1: for large N a Gaussian Wigner
matrix maps every unit vector to a vector of length very close to 1. That is already a statement
about eigenvalues, since ||Mul||? = u' M?u is a weighted average of the A\? with weights (u, ¢;)?
summing to 1, where ¢; are the eigenvectors. Averaging over directions instead of fixing one leads
to %tr M?, which is taken up in §2.3.

Exercise 1.12 (1vee A). Let u,v € RY be unit vectors. Show from (4) alone that ' Mv is centred
Gaussian with

2 2

Var (UTM’U) = — (14 (u,v)?), and Cov (uTMu, ’UTMU) =N (u,v)=.

In particular u' Mu has variance %, and for u L v the variable u' Mv has variance % the
diagonal and off-diagonal variances of Definition 1.7, seen in any orthonormal basis containing u
and v. Remark 1.8 predicted exactly this.

Exercise 1.13 (tvee B). Let u,v € RY be unit vectors. Show that

Cov (IMul [Mo]) = <o (1+ (N + 2 0)2).

and check that u = v recovers Proposition 1.10. Mu and Mv are jointly Gaussian; compute
their cross-covariance E[(Mu)(Mv)"] from (4), then apply Theorem 1.2 to E[(Mu)?(Mwv)2]. For
u L v the correlation of the two lengths is Ni?): a Gaussian Wigner matrix stretches orthogonal
directions almost independently.

1.5 * Cumulants

Not lectured. Theorem 1.2 is the Gaussian instance of a formula that holds for any random vector
with moments. This section states that formula; the exercises develop the properties that make
it useful.

Definition 1.14 (Joint cumulants). For Y7,...,Y,, with all moments finite,
m

0
K(Yl, e ,Ym) = m 10gE[€t1Y1+ +thm:| tzo.

Moments are derivatives of the transform; cumulants are derivatives of its logarithm. For a single

variable write K, (Y) = k(Y,...,Y).

Stated without proof: the moment—cumulant formula. For any Yi,...,Y,, with

moments,
E[Y;Ys-- = Y ][ s(vi:ieB),
meP(m) Bem

where P(m) is the set of all partitions of {1,...,m} into non-empty blocks, of which there
are 1,2,5,15,52, ...

For m = 2 this reads E[Y1Y2] = EY1EY; + Cov(Y1, Y2), the two partitions of {1,2}. If the Y; are
coordinates of a centred Gaussian vector, every joint cumulant of order other than two vanishes



(Exercise 1.16), so a partition contributes nothing unless all of its blocks have size two. Those
are the pair partitions, and the moment—cumulant formula becomes Theorem 1.2. Of the fifteen
partitions of a four-element set, three survive, which is Example 1.5.

Remark 1.15. For a non-Gaussian vector the larger blocks do not vanish, log E[e“vX >] is no longer a
polynomial, and the recursion (3) acquires a tail that never terminates. Cumulants then measure
the distance from Gaussian, and because mixed cumulants of independent variables vanish, they
are the natural bookkeeping for sums of independent variables.

Exercise 1.16 (rvee B). Prove the following directly from Definition 1.14.

(a) Low orders. x(Y) = EY and x(Y7,Y2) = Cov(Y1, Y2).

(b) Multilinearity. « is symmetric in its arguments and linear in each: xk(aY +bZ,Ys,...,Y,,) =
ak(Y,Ys,...,Y)+bk(Z,Ys,...,Y,,). For m > 2 it is unchanged when a constant is added
to any argument. In particular k., (cY) = ¢k (Y).

(c) Independence. If {Y7,...,Y,,} splits into two non-empty groups independent of one another,
then k(Y1,...,Yn) =0. Deduce k(Y + Z) = km(Y) + km(Z) for independent Y, Z.

(d) The Gaussian is where they stop. For X ~ N(0,Y), x(Xg, Xp) = X4 and every joint
cumulant of order # 2 vanishes.

(e) For centred Y, k3(Y) = E[Y?] and x4(Y) = E[Y*] — 3(E[Y?])%.

For (b), give Y and Z separate variables s,s" in the log-transform and apply the chain rule once.
For (d), use Definition 1.3 of Lectures 1-2 with § = it.

Exercise 1.17 (rver ). Let X1, Xo,... be i.i.d. with mean p, variance o and all moments finite,
and put

n
5, = \}ﬁ;(xiﬂ).
Show that x1(S,) = 0 and
km(Sp) = n' ™2 k(X)) (m > 2).
Deduce that x2(S,,) = o for every n while every cumulant of order > 3 tends to 0, and conclude

from the moment—cumulant formula that E[S]"] — E[(cg)™] for every m, where g ~ N(0,1).

This is the central limit theorem seen through cumulants: the \/n normalization is exactly the
rescaling that freezes ko and kills everything above it. The factor n=Y? in ks is the rate in
Theorem 2.6 of Lectures 3—4.

ASSIGNED Lecture 5, due at the start of Lecture 6: Exercises 1.9, 1.12, 1.13, 1.16, 1.17 — two A, two B, one
C. If you are short of time, do the C problem.

2 The empirical spectral measure and the semicircle law

Q. Where are the eigenvalues of a large random symmetric matrix?

A trace of a power is at once a moment of the spectrum and a polynomial in the entries, and
Theorem 1.2 computes the latter. What remains is to say what object these numbers are
moments of, to compute the first two, and then to do every power at once.



2.1 Where the eigenvalues are: the empirical measure

M is symmetric, so it has IV real eigenvalues Ay, ..., Ay, listed with multiplicity. We want to say
where they are, and the object that says it is a measure rather than a function.

Write (i, f) = [ f dp for a measure p and a bounded continuous f.

Definition 2.1 (Point mass). For z € R, the point mass 0, is the probability measure determined
by
0z, f) = f(x) for every bounded continuous f.

It puts mass 1 at the single point  and none anywhere else. It has no density: there is no function
p with [ fp = f(z) for all f, since such a p would have to vanish off {z} and still integrate to 1.
Measures are the right objects here precisely because we want to place mass at points.

Definition 2.2 (Empirical spectral measure). For a symmetric N x N matrix M with eigenvalues

Ala"'uA]\ﬁ

1 & Ry

It is a probability measure: total mass % - N = 1. Tt records the eigenvalues and nothing else —
not which eigenvector goes with which, not the order.

Now let M be random. Then py; is a random measure: for each fixed f, the number (pas, f) is a
random variable. There is one sensible way to average it.

Definition 2.3 (Mean measure). Ep is the measure determined by

(Ep, f) = E{pum, ) for every bounded continuous f.

The left side is a number attached to a deterministic measure; the right side is the expectation of
a random variable. Nothing is being integrated twice — the definition simply says that averaging
a measure means averaging what it does to each test function.

Lemma 2.4. Ep is the law of A\j, where J is uniform on {1,...,N} and independent of M : it
1s the distribution of one eigenvalue picked at random.

Proof. E[f(A\1)] =E[§ X, f(N)] = E(par, f)- n

Remark 2.5 (Two levels of randomness, kept apart). pjs is random; Ep is not. A statement about
Ep is a statement about averages over many independent matrices. A statement about pps is a
statement about one matrix, and getting from the first to the second is exactly a variance estimate.
Both appear below, and they are not the same theorem.

2.2 Traces are moments

Lemma 2.6. For every k > 1,

N
1 1 1
o ky _ k _ k ~ ok k
(prr,x™) = N El)\i = NtrM, hence (Ep, x >—NEtrM.
1=



Proof. The first equality is Definition 2.2 with f(z) = z*. For the second, diagonalize: M = OAO"
with O orthogonal and A diagonal, so M* = OAFO" and tr M*¥ = tr A¥ = > )\f by cyclicity of
the trace. The last claim is Definition 2.3. |

The left side of Lemma 2.6 is a question about eigenvalues, which are a complicated function of
the entries of M. The right side is a polynomial in the entries, whose expectation Theorem 1.2
computes. The next subsection does this for £k =2 and k£ = 4.

2.3 Traces of powers
Return to Proposition 1.10. Averaging u' M?u over u uniform on the sphere — equivalently, over
the vectors of any orthonormal basis — replaces ||[Mul/> by + tr M2, since E[uu'] = +1. Traces
of higher powers are no harder: tr M* is a polynomial in the entries of M,
tr Mk - Z MilizM’iQig te M’ik’ily
Ulyeensll

and Theorem 1.2 computes the expectation of any polynomial in jointly Gaussian variables.

Proposition 2.7. Etr M? = N + 1.
P’I"OOf. tI‘M2 = Zi,j Miiji; and (4) gives E[MZ]M]Z] = %(5”511 + 5“5”) = %(1 + 6ij)7 SO

EtrM2:%Z(1+5¢j): N%*+N)=N+1. u

i’j

=

Only one pair partition was available there. The fourth power is where the partitions start to
disagree.

Definition 2.8 (Crossing). Draw the 2¢g points of a pair partition on a line and join each block
by an arc above it. Two blocks {a, b} and {c,d} cross if a < ¢ < b < d. A pair partition with
no crossing blocks is non-crossing; there are 1,2,5,14,... of them on 2,4, 6,8 points, against
1,3,15,105 pair partitions in total.

5
Proposition 2.9. Etr M* = 2N +5 + N

Proof. Expanding, tr M* = ZijklMiijkMklMliu and Theorem 1.2 splits each term into the
three pair partitions of the four factors. Take them in turn.

{12}{34}, non-crossing. By (4), E[Miijk] = %(&jajk + 5zk) and E[MMM”] = %(5]@1(5[1 + (5]“)
Multiplying out gives four terms; summing each over i, j, k, [ counts the index tuples it allows:
0ij0;k0k101; + 0550k0ki + OikOr101; + Ok
——— —_—— =~
all equal: N j=j=k: N2 i=k=l: N2 i=k: N3
so the contribution is ﬁ(N3 +2N?24+ N)=N+2+ +.
{14}{23}, non-crossing. The same computation with E[M;; M;] = +(6;6;j+0;) and E[M, My] =
%(5]'1451& +0j;) gives N + 2+ % again.
{13}{24}, crossing. Here

E[M;; My E[Mi. M) = = (0051 + 661 ) (310ki + 65i6k1),

7



whose four terms allow N2, N, N and N tuples respectively — the first is 9;1041, two constraints,
and each of the other three forces all four indices equal. The contribution is ﬁ(N 2413N) =1+ %

Adding, Etr M* =2(N +2+ )+ 1+ % =2N +5+ 2. |

Remark 2.10 (What a crossing costs). Each non-crossing partition left one constraint on four
indices, so N3 tuples survived and the contribution was of order N. The crossing one left two
constraints, N? tuples, and a contribution of order 1. Concretely: i = k and j = [ make
M, = Mj; = M;j, My, = M;; and My; = M;j, so all four factors collapse to the same entry of M.
A crossing forces a coincidence, and coincidences are rare among N4 index tuples.
Remark 2.11 (Real versus complex). The two delta terms in (4) come from M;; = Mj;. A
complex Hermitian matrix has E[H;jHy| = %5115]%, one term instead of two, and then the
crossing partition leaves three constraints rather than two and costs N~2. One extra way of
gluing two entries together is the whole difference between the two ensembles.
Dividing by N,

%EtrMQ — 1, %EtrM‘l — 2
one non-crossing pair partition on two points, two on four points, and the crossing one contributing
nothing in the limit. By Lemma 2.6 these are (Ep, z2) and (Ep,z*). The pattern is a theorem,
and §2.4 proves it.

Exercise 2.12 (rvre B). Show that Var(tr M?) = 4+ %. Ezpand the square, apply Theorem 1.2 to
the four-fold products, and note that the partition {12}{34} reproduces (Etr M?)? and is subtracted
off, while the other two are equal. The remaining sum is % Zijkl((sikéﬂ + 5il5jk)2; and 6% = §.
The mean is of order N and the variance is O(1): the fluctuations of tr M2 do not grow with N at
all. That is what §2.4 needs in order to turn a statement about averages into a statement about
one matrix.

Exercise 2.13 (tvee A). Show Etr M2?**1 = 0 for every k > 0, with no computation — say why.
Then draw all 15 pair partitions of 6 points, mark the crossings, and check that exactly 5 are
non-crossing.

Exercise 2.14 (rvre C). Drop the Gaussian hypothesis. Let &;, i < j, be ii.d. centred with
variance 1 and finite fourth moment, and build a symmetric M by

&ij V28
VN VN’
so that (4) still holds but Theorem 1.2 is false. Show that

Mij = My; = (i<j), My=

5 3
4
Etr M* = 2N+5+N+m4(f)<1+N),

which is Proposition 2.9 again when ¢ is Gaussian, and whose leading term is 2N whatever £ is.

The leading order does not know what the entries are. That is universality, and with §1.5* in hand
it costs one computation. Check the formula numerically with &; = £1, for which k4 = —2.

2.4 The semicircle law by counting

Propositions 2.7 and 2.9 contain the whole mechanism. What remains is bookkeeping for general
k and one identification. The lecture gives the argument in outline; the exercises fill in steps 3, 5
and 6.



Theorem 2.15 (Wigner). For the GOE, pyr = psc in probability, where

pse(x) = ! V4 —122 on[-2,2].

2

Stated without proof: the method of moments. A probability law on R with bounded
support is determined by its moments, and if (ux, 2¥) — (u, 2*) for every k with y compactly
supported, then py = . We use this and do not prove it.

The proof runs in six steps. Steps 1 and 2 are Lemma 2.6 and Theorem 1.2.

1. Trace to moment. (py7,2°*) = % tr M?*, which is Lemma 2.6.

2. Wick. Expanding the trace and applying Theorem 1.2 turns %E tr M?* into a sum over pair
partitions of the 2k factors, exactly as in Proposition 2.9.

3. Count indices, by reading the trace as a walk. An index tuple (i1, ...,i9;) is a closed
walk of length 2k, its rth step traversing the edge {i,,i,41}. Since E[My,M 4] # 0 only when
{a,b} = {c,d}, a surviving pair partition matches steps traversing the same edge, so the
walk uses at most k£ edges, each twice. Its edge graph is connected, so v < e+1 < k+1, and
a walk with v free indices contributes N*~*~1: only walks along a tree with k edges survive.
The counting is nothing but a tree is the sparsest connected graph.

4. Limit in expectation. Hence %Eterk — (Y}, the number of such tree walks up to
relabelling — equivalently the number of non-crossing pair partitions of 2k points. Odd
moments vanish.

5. Identify (. Condition on the block containing the point 1, which gives the Catalan recur-
. 2
sion Cy = >, CjCr—1-;, hence Cy = ﬁ(%f) Separately, [, 22 pge(x) do = k—_h(Qkk), SO
the two sides agree.

6. From expectation to probability, and from moments to the law. Var (% tr M%) =
O(N~2), as in Exercise 2.12, so the empirical moments converge in probability and not
merely on average; the method of moments then converts convergence of all moments into
weak convergence.

Remark 2.16. Gluing the edges of a 2k-gon according to a pair partition builds a surface whose
faces are the surviving indices, and Euler’s formula makes that count maximal exactly for planar
gluings. This is the usual proof of step 3. We will not use it.

Exercise 2.17 (rvee B). (Step 3, first half.) Expand %E tr M?* and apply Theorem 1.2. Using
E[MapMq] # 0 = {a,b} = {c,d}, show that a pair partition contributes nothing unless each of
its blocks pairs two steps traversing the same edge. Deduce that a contributing walk uses at
most k distinct edges, each traversed exactly twice in the leading terms. Steps with i, = 4,41,
and edges used four or more times, both lower the vertex count and are lower order.

Exercise 2.18 (rvre B). (Step 3, second half.) Let G be the edge graph of a contributing walk,
with v vertices and e edges. The walk is closed, so G is connected and e > v — 1; combine with
e <k toget v<k+ 1, with equality exactly when G is a tree with k edges each traversed twice.
Then count: ~ NV index tuples, k covariances of size 1/N, and a 1/N in front, so the contribution
is N*=%~1 and only tree walks survive. Check the verdict against Proposition 2.9: at k = 2 the
two non-crossing partitions are tree walks and the crossing one is not.



Exercise 2.19 (rvre C). (Step 5.) Let C, be the number of non-crossing pair partitions of 2n
points and condition on the block {1,b} containing the point 1. Show the points strictly between
1 and b must pair among themselves, so b = 2j + 2 is even and the rest splits into intervals of 2j
and 2(n — 1 — j); deduce

n—1
Co=> CiChay, Co=1,
j=0

and compute 1,1,2,5,14,42. Then show the generating function C(w) = ), C,w" satisfies
C =1+ wC?, solve, and take the root finite at w = 0; expanding it gives C,, = %H(Q:), which
you may quote. Finally, substitute z = 2sin 6 and evaluate

2
1 2n
2n
dr =
/;x Pocle) d n+1<n>’

so that nothing is matched by eye.

Exercise 2.20 (tvre A). Plot the empirical spectral measure at N = 50 and N = 2000 against
Psec, then once more with entries +1/+/ N, which are not Gaussian and for which Theorem 1.2 is
false. One figure. Universality, weeks before the course explains it.

2.5 * The resolvent route

Not lectured. A second proof of Theorem 2.15, which produces the density rather than recognizing
a sequence of numbers.

What the counting proof cannot do
(i) It never produced a density. It produced a sequence of numbers that we recognized; perturb
the model and there is nothing to recognize.
(ii) It requires all moments finite.
(iii) It gives no local information — nothing about one eigenvalue, a gap, or the edge.

(iv) It does not survive deformation: unequal variances, or a rank-one spike, and the combina-
torics does not adapt.

All four are repaired by replacing the polynomials z* with a different family of test functions.

The Stieltjes transform

Definition 2.21. For a probability law ¢ on R and z € C with Sz > 0,

mae) = [P (1),

The test function ﬁ is bounded and continuous for each fixed z off the real axis, so Definition 2.21
makes sense for every probability law, with no moment hypothesis at all. It is analytic on the
upper half plane, satisfies |m,,(2)| < 1/Sz, and m,(z) = —1/z + O(|z|72) as z — oo — the last
of which will pin down a branch.

10



Stieltjes inversion. If ;1 has a continuous density p near A then p(A) = 2 lim. o Smy, (A+ie).
Proved in Lectures 7-8, where the resolvent method is carried further.

The moment method has no analogue of this step: it is what turns a transform back into a

picture of the spectrum. The bridge to matrices is immediate from Definition 2.2, since ﬁ are

the eigenvalues of (M — 2z)~1:

mp,, (2) = %tr (M — z)fl. (5)

The matrix (M —z)~! is the resolvent. It exists for every z off the real axis because M is symmetric,
and ||(M —2)71 < 1/9z.

Remark 2.22. Ridge regression in §2.5 of Lectures 1-2 is (H'H + A)"'H'"y, and the matrix
inverted there is (5) at z = —\.

The self-consistent equation

Write my(z) = £Etr(M — 2)~1. Let M® be M with its first row and column deleted, and let
a € RV~ be the first column of M with its first entry deleted. The strategy is to compute one
diagonal entry of the resolvent in terms of the same object one dimension down.

1
Lemma 2.23 (Schur complement). ((M —2)7'), = —.
( )11 Mll—z—aT(M(l) —z) Lo

This is the block-inversion identity behind the Schur complement in §2.4 of Lectures 1-2.

Now estimate the three pieces. Put R = (M) — 2)~1 which is a function of M) alone and
therefore independent of a, and note Ela,as] = d,5/N.

(a) My = O]p(Nfl/2), since Var M;; = 2/N.

(b) E[a’ Ra| MW] = L trR, and its conditional variance is ~ tr(R?). Both are Example 1.6
with A = R and X = %I ; the computation there is algebraic, so it applies verbatim to the
complex symmetric R. Since ||R|| < (S2)~! we have |tr(R?)| < N(Sz)72, so the variance is
O(1/N). This is the only place probability enters.

(¢) % tr R differs from my(z) by O(1/N), since deleting one row and column of an N x N matrix

moves a normalized resolvent trace by that much.

All diagonal entries of (M — z)~! have the same law, so my(z) = E[((M — z)"')11]. Feeding
(a)—(c) into Lemma 2.23 and passing to the limit,

m(z) = ————, that is m?4+zm+1=0. (6)

Asserted. That 3 tr(M — z)~! concentrates around its mean, so that the limit in (6) may
be taken inside, is a concentration estimate we do not prove.

Equation (6) is a fixed-point equation for the answer, derived without knowing the answer. The
moment method had to be told what to recognize.

11



Solving, and the comparison
Both roots of (6) are =2E¥z"=1 VQZL‘*. As z = 00, V22 —4 = 2z —2/2+ O(|z|3), so only the + root

satisfies m ~ —1/z:

—z+V22 -4

—
For A € (—2,2) we have VA2 — 4 = iv/4 — X2, so Sm(A +140) = $v/4 — A2, and Stieltjes inversion
returns psc(A\) = %\/4 — A2, That is Theorem 2.15 again, now with its density.

Remark 2.24 (The two proofs are the same equation). Expanding Definition 2.21 for large |z|
gives m(z) = — Y o0 Crz” @+ 50 with w = 272 we have —zm(z) = C(w). Substituting into
the Catalan relation C' = 1 + wC? of Exercise 2.19 returns —zm = 1 + m?, which is (6). The
recursion that counts non-crossing pair partitions and the self-consistent equation for the resolvent
are one equation written twice.

m(z) =

Return to the four complaints above. The density came out directly. Only the second moment
of the entries was used, so nothing needed all moments. Unequal variances IEMZ%» = S;j/N turn
(6) into a system of N coupled equations rather than one, which is a change of size and not of
method. A rank-one spike is a rank-one perturbation of the resolvent. And shrinking &z toward
the real axis, rather than holding it fixed, is precisely what converts a global law into a local one.

Exercise 2.25 (rvee A). Compute my, for = &g, for 1 = £(6_1 + 61), and for p uniform on [0, 1].
In each case check |m,(2)| < 1/Sz and m,(2) = —1/z + O(|z|72), and recover the density of the
third by Stieltjes inversion.

Exercise 2.26 (1vre A). Numerically, for a GOE matrix at N = 2000, plot 2[4 tr(M —A—ig) ™!
against A € [—3,3] for e =1, 0.1, 0.01, 0.001, with ps. overlaid. Ate =1 the curve is a smoothed
semicircle; at e = 0.001 it is a forest of spikes at the individual eigenvalues. Somewhere in between
is the global law. That crossover is at € ~ 1/N, and it is the whole content of the word “local”.

Exercise 2.27 (rvee B). Prove Remark 2.24 carefully. Expand & = =2 k>0 MNez=(+1) for

2| > 2, integrate against ps. to get m(z) = — >, Crz~ 31 (0dd moments vanish), substitute
w = 272 to identify —zm(z) = C(w), and check that C = 1 + wC? is (6).

Exercise 2.28 (rvrr B). Prove estimate (c): if M is symmetric N x N and M) deletes one row
and column, then

tr(M — 2) "' —tr (MM — 2 71’ <
-2 (0 - ) < I
Cauchy interlacing gives N\; < p; < Aj+1 for the eigenvalues of M and M® | 50 the two eigenvalue
counting functions differ by at most 1 at every point. Write both traces as integrals against those
counting functions, integrate by parts, and use fR |z — z|72dx = 7/3z. Note that the bound does
not depend on N, which is why dividing by N makes it O(1/N).

Exercise 2.29 (rvee C). Unequal variances. Let M be symmetric Gaussian with IEMEJ- = S;j/N,
where S is a fixed symmetric matrix with non-negative entries, and let m;(z) = E[((M —2)~1)i].
Redo the derivation above with the ith row and column deleted instead of the first, and derive

the system
1

—z— 3 2 Siymj(2)’

mi(z) = i1=1,...,N.
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Check that S;; = 1 returns (6). Then take S block-constant with two blocks and solve the resulting
pair of equations; the spectrum is no longer a semicircle, and no combinatorial recognition step
could have produced it.

ASSIGNED Lecture 6, due at the start of Lecture 7: Exercises 2.12, 2.13, 2.17, 2.18, 2.19, 2.20, 2.25, 2.29
— three A, three B, two C. Exercise 2.14 and every other exercise in §2.5" are pool problems: available and
examinable, not collected. If you are short of time, do the C problems.

§2.5" proves the semicircle law a second time, by the resolvent, and is where the density comes from. Lectures 7-8
prove Stieltjes inversion, supply the estimates (b) and (c) used there, and rederive Marchenko—Pastur by the same

route.
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