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Lectures 5–8: Wick’s Theorem and the Semicircle Law
Pair partitions, counting paths, and the Stieltjes transform

outline l5 Wick’s theorem −→ the Gaussian Wigner matrix −→ ∥Mu∥2 for a fixed direction

l6 The semicircle law −→ the strategy −→ E trM2, E trM4 by hand −→ traces are sums over
paths −→ the same two moments by paths −→ every moment

l7 The Stieltjes transform −→ counting eigenvalues by a contour integral −→ what to compute
−→ a generating function at z = ∞

l8 Schur complement −→ the self-consistent equation −→ the trace concentrates −→ solving it:
the semicircle law

how to read Sections marked ∗ are not lectured. They are complete, they are examinable, and they carry
most of the exercises. Exercises are typed a and b; there are three per lecture.

1 Wick’s theorem, and Gaussian random matrices

Q. What can be computed about a random matrix without touching its eigenvalues?

Every moment of a Gaussian vector is a counting problem, and the entries of a symmetric
Gaussian matrix are a Gaussian vector. So anything polynomial in the entries — the length
of Mu for a fixed vector u, for instance — can be computed exactly.

1.1 Pair partitions

Definition 1.1 (Pair partition). A pair partition of {1, . . . , 2q} is a partition into q blocks of size
two.

Theorem 1.2 (Wick). Let X ∼ N (0,Σ) on Rd and a1, . . . , am ∈ {1, . . . , d}. If m is odd then
E[Xa1 · · ·Xam ] = 0. If m = 2q then

E
[
Xa1Xa2 · · ·Xa2q

]
=

∑
pair partitions P of {1,...,2q}

∏
{r,s}∈P

Σaras

Proof. By Corollary 1.7 of Lectures 1–2 every linear functional ofX is a one-dimensional Gaussian,
so X has moments of every order, φX is infinitely differentiable, and its derivatives may be taken
inside the expectation. Since ∂ξje

−i⟨x,ξ⟩ = −ixje
−i⟨x,ξ⟩, multiplication by Xj acts on the transform

as i ∂ξj :
E
[
Xa1 · · ·Xam

]
= im ∂ξa1 · · · ∂ξamφX(ξ)

∣∣
ξ=0

. (1)

By Definition 1.3 of Lectures 1–2, φX(ξ) = exp
(
− 1

2ξ
⊤Σξ

)
— for every Σ ⪰ 0, degenerate cases

included — and differentiating it once,

∂ξiφX(ξ) = −
∑
j

Σij ξj φX(ξ). (2)

Apply ∂ξa2 · · · ∂ξam to (2) taken at i = a1. The factor ξj is linear, so Leibniz leaves terms of two
kinds: those in which every derivative falls on φX , which still carry a factor ξj ; and, for each
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s ∈ {2, . . . ,m}, the one in which ∂ξas falls on ξj and produces δjas . Setting ξ = 0 kills the first
kind, leaving

∂ξa1 · · · ∂ξamφX

∣∣
0
= −

m∑
s=2

Σa1as ∂{ξar : r ̸=1,s}φX

∣∣
0
.

Rewrite both sides with (1) and multiply through by im; since i2 = −1 the two minus signs cancel
and

E
[
Xa1 · · ·Xam

]
=

m∑
s=2

Σa1as E
[ ∏
r ̸=1,s

Xar

]
: (3)

pair the first factor with each of the others in turn, and recurse. Induct on m. Both sides vanish
for m = 1, and for m = 2 the claim is the definition of Σ. For m > 2, (3) drops the number of
factors by two, so parity is preserved: an odd product reduces to E[Xa] = 0, and an even one to
a sum over pair partitions of the remaining 2q − 2 indices, each prefixed by Σa1as recording the
block containing 1. Summing over s enumerates every pair partition of {1, . . . , 2q} once. ■

Remark 1.3. Reading (3) with F (X) = Xa2 · · ·Xam and noting that ∂jF deletes the factor Xj

gives

E
[
Xi F (X)

]
=

∑
j

Σij E
[
∂jF (X)

]
,

Gaussian integration by parts, which for d = 1 and Σ = 1 is E[gF (g)] = E[F ′(g)] — Lemma 1.10
of Lectures 1–2, and Stein’s lemma in Lecture 4. It is Exercise 2.3 of Lectures 3–4; here it falls
out of Wick’s recursion for free.

1.2 Three examples

Corollary 1.4. There are (2q − 1)!! = (2q − 1)(2q − 3) · · · 3 · 1 pair partitions of 2q points, and
E[g2q] = (2q − 1)!! for g ∼ N (0, 1).

Proof. Take d = 1 and Σ = 1 in Theorem 1.2: every product of covariances equals 1, so the
moment is the number of pair partitions. That number is (2q−1)!! because the point 1 has 2q−1
choices of partner and deleting that block leaves 2q − 2 points. ■

Example 1.5 (Four indices). For q = 2 the three pair partitions of {1, 2, 3, 4} are {12}{34},
{13}{24}, {14}{23}, so

E
[
X1X2X3X4

]
= Σ12Σ34 +Σ13Σ24 +Σ14Σ23.

Setting all four indices equal recovers E[X4
1 ] = 3Σ2

11.

Example 1.6 (A quadratic form). Let X ∼ N (0,Σ) on Rd and let A be symmetric. Then
E[X⊤AX] =

∑
ij AijE[XiXj ] = tr(AΣ), no Wick needed. For the second moment,

E
[
(X⊤AX)2

]
=

∑
ijkl

AijAkl E
[
XiXjXkXl

]
=

∑
ijkl

AijAkl

(
ΣijΣkl +ΣikΣjl +ΣilΣjk

)
by Example 1.5. The first term is (trAΣ)2; the other two are each tr(AΣAΣ), by symmetry of A
and Σ. Hence

Var
(
X⊤AX

)
= 2 tr

(
(AΣ)2

)
, and in particular Var

(
∥X∥2

)
= 2 trΣ2.
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1.3 The Gaussian Wigner matrix

Definition 1.7 (Gaussian Wigner matrix). Let A be N ×N with i.i.d. N (0, 1) entries and put

M =
1√
2N

(
A+A⊤).

Then M is symmetric, its entries {Mij}i≤j are independent centered Gaussians with EM2
ij = 1

N

for i < j and EM2
ii =

2
N , and for all four indices

E
[
MijMkl

]
= 1

N

(
δikδjl + δilδjk

)
. (4)

This ensemble is the Gaussian orthogonal ensemble, or GOE, for the reason in Remark 1.8. Ev-
erything below is (4) and Theorem 1.2; the construction itself never appears again. The two delta
terms are the two ways of matching {i, j} with {k, l}, and they are there because Mij = Mji:
an entry may be met twice under either name. The diagonal variance 2

N comes out of the sym-
metrization (Exercise 1.9), and it is exactly what makes (4) hold at i = j = k = l without a
special case. The N diagonal entries are a vanishing fraction of the N2.

Remark 1.8 (Why “orthogonal”). For any fixed orthogonal O, OAO⊤ again has i.i.d. N (0, 1)
entries — each entry is a unit linear functional of A, and Theorem 1.5 of Lectures 1–2 makes the

collection jointly Gaussian with the same covariance — so OMO⊤ d
= M . The law of the spectrum

therefore cannot depend on the basis. This is the matrix form of the rotational invariance of
Corollary 1.6 of Lectures 1–2.

Exercise 1.9 (type A). Verify Definition 1.7 from the construction: with A having i.i.d. N (0, 1)
entries and M = 1√

2N
(A + A⊤), compute E[MijMkl] directly and obtain (4). Check the case

i = j = k = l separately and confirm that the diagonal convention EM2
ii = 2

N is forced, not
chosen.

1.4 One direction at a time

Before the eigenvalues, a question with the same shape but no linear algebra in it: fix a unit
vector u and ask how long Mu is.

Proposition 1.10. Let M be as in Definition 1.7 and let u ∈ RN with ∥u∥ = 1. Then Mu is a
centered Gaussian vector with covariance

C = E
[
(Mu)(Mu)⊤

]
=

1

N

(
I + uu⊤

)
,

and consequently

E
∥∥Mu

∥∥2 = 1 +
1

N
, Var

∥∥Mu
∥∥2 = 2

N
+

6

N2
.

Proof. Each coordinate (Mu)i =
∑

j Mijuj is a linear functional of the entries of M , so by
Theorem 1.5 of Lectures 1–2 the vector Mu is centered Gaussian. Its covariance is (4) contracted
with u twice:

E
[
(Mu)i(Mu)k

]
=

∑
j,l

ujul · 1
N

(
δikδjl + δilδjk

)
= 1

N

(
δik∥u∥2 + uiuk

)
,

which is C. Then E∥Mu∥2 = trC = 1
N (N + 1). For the variance, Example 1.6 with A = I and

Σ = C gives Var ∥Mu∥2 = 2 trC2, and since u⊤u = 1,(
I + uu⊤

)2
= I + 2uu⊤ + u(u⊤u)u⊤ = I + 3uu⊤, trC2 = 1

N2

(
N + 3

)
. ■
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Remark 1.11. Two things are worth reading off. First, the answer does not depend on u — it

cannot, because OMO⊤ d
= M by Remark 1.8, so the law of ∥Mu∥2 is the same in every direction.

Second, the standard deviation is
√
2/N against a mean of 1: for large N a Gaussian Wigner

matrix maps every unit vector to a vector of length very close to 1. That is already a statement
about eigenvalues, since ∥Mu∥2 = u⊤M2u is a weighted average of the λ2

i with weights ⟨u, ϕi⟩2
summing to 1, where ϕi are the eigenvectors. Averaging over directions instead of fixing one leads
to 1

N trM2, which is taken up in §2.3.

1.5 ∗ Cumulants

Not lectured. Theorem 1.2 is the Gaussian instance of a formula that holds for any random vector
with moments. This section states that formula; the exercises develop the properties that make
it useful.

Definition 1.12 (Joint cumulants). For Y1, . . . , Ym with all moments finite,

κ
(
Y1, . . . , Ym

)
=

∂m

∂t1 · · · ∂tm
logE

[
et1Y1+···+tmYm

]∣∣∣∣
t=0

.

Moments are derivatives of the transform; cumulants are derivatives of its logarithm. The mth
cumulant of a single variable is κ(Y, . . . , Y ) with m arguments; when the argument is itself a sum,
keeping the m slots visible is what makes multilinearity usable.

Stated without proof: the moment–cumulant formula. For any Y1, . . . , Ym with
moments,

E
[
Y1Y2 · · ·Ym

]
=

∑
π∈P(m)

∏
B∈π

κ
(
Yi : i ∈ B

)
,

where P(m) is the set of all partitions of {1, . . . ,m} into non-empty blocks, of which there
are 1, 2, 5, 15, 52, . . .

For m = 2 this reads E[Y1Y2] = EY1EY2 + Cov(Y1, Y2), the two partitions of {1, 2}. If the Yi are
coordinates of a centered Gaussian vector, every joint cumulant of order other than two vanishes
(Exercise 1.14), so a partition contributes nothing unless all of its blocks have size two. Those
are the pair partitions, and the moment–cumulant formula becomes Theorem 1.2. Of the fifteen
partitions of a four-element set, three survive, which is Example 1.5.

Remark 1.13. For a non-Gaussian vector the larger blocks do not vanish, logE[e⟨t,X⟩] is no longer a
polynomial, and the recursion (3) acquires a tail that never terminates. Cumulants then measure
the distance from Gaussian, and because mixed cumulants of independent variables vanish, they
are the natural bookkeeping for sums of independent variables.

Exercise 1.14 (type B). Prove the following directly from Definition 1.12.

(a) Multilinearity. κ is symmetric in its arguments and linear in each, and for m ≥ 2 nothing
changes when a constant is added to any argument. In particular

κ(cY, . . . , cY ) = cm κ(Y, . . . , Y ).

(b) Independence. If the arguments split into two non-empty groups that are independent of
one another, the cumulant vanishes. Deduce that for independent Y, Z,

κ(Y + Z, . . . , Y + Z) = κ(Y, . . . , Y ) + κ(Z, . . . , Z).
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(c) The Gaussian is where they stop. For X ∼ N (0,Σ), κ(Xa, Xb) = Σab and every joint
cumulant of order ̸= 2 vanishes.

For (a), give the two variables separate arguments s, s′ in the log-transform and apply the chain
rule once. For (c), use Definition 1.3 of Lectures 1–2 with ξ = it.

Exercise 1.15 (type B). Let X1, X2, . . . be i.i.d. with mean µ and variance σ2, and put

Sn =
1√
n

n∑
i=1

(
Xi − µ

)
.

Using only parts (a) and (b) of Exercise 1.14, show that for m ≥ 2, with m arguments in each
cumulant,

κ
(
Sn, . . . , Sn

)
= n1−m/2 κ

(
X1, . . . , X1

)
.

Deduce that κ(Sn, Sn) = σ2 for every n, while every cumulant of order ≥ 3 tends to 0.

This is the central limit theorem seen through cumulants: the
√
n normalization is exactly the

rescaling that freezes the second cumulant and kills everything above it.

assigned Lecture 5, due at the start of Lecture 6: Exercises 1.9, 1.14, 1.15. Three problems. The first
checks the definition; the other two are the cumulant calculation we did not have time for in class.

2 The semicircle law

Q. Where are the eigenvalues of a large random symmetric matrix?

Their moments are normalized traces. A trace is a sum over closed paths, and at leading
order only the paths that run along a tree contribute. Pairing the two steps on each edge of
such a path gives a non-crossing pair partition, and there are Catalan-many of those.

2.1 The theorem

Recall Definition 1.7: M = 1√
2N

(A + A⊤) with A having i.i.d. N (0, 1) entries, so that M is

symmetric, its entries {Mij}i≤j are independent centered Gaussians, and

E
[
MijMkl

]
= 1

N

(
δikδjl + δilδjk

)
, in particular EM2

ij =
1
N (i ̸= j), EM2

ii =
2
N .

M has N real eigenvalues λ1, . . . , λN . Figure 1 shows their histogram.

Theorem 2.1 (Wigner). Let ρsc(x) =
1
2π

√
4− x2 on [−2, 2]. For every k ≥ 0,

1

N

N∑
i=1

λk
i −→

∫ 2

−2
xk ρsc(x) dx in probability.

Stated without proof: the method of moments. A probability density with bounded
support is determined by its moments. Consequently Theorem 2.1 implies 1

N

∑
i f(λi) →∫

fρsc in probability for every bounded continuous f : the histogram converges to ρsc.
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2 1 0 1 2

N = 50  (80 matrices)

2 1 0 1 2

N = 2000  (2 matrices)

Figure 1: Histograms of the eigenvalues of Gaussian Wigner matrices, normalized to have area one, with
the curve 1

2π

√
4− x2 drawn over them.

2.2 The strategy

The proof rests on four ideas.

1. Moments converge to moments. If the eigenvalues have a limiting distribution with
density ρ, in the sense that 1

N

∑
i f(λi) →

∫
fρ, then taking f(x) = xk the eigenvalue

moments 1
N

∑
i λ

k
i should converge to the moments of ρ. And the eigenvalue moments are

traces (Lemma 2.2).

2. The average is a Gaussian computation plus combinatorics. trMk is a polynomial
in the entries of M , so Theorem 1.2 computes E trMk. What is left is to organize the sum,
which is a counting problem (§2.3–§2.6).

3. The fluctuations are small. If Var
(
1
N trMk

)
/
(
1
NE trMk

)2 → 0, Chebyshev’s inequality
turns convergence of the mean into convergence in probability (§2.7).

4. Identify the limit. The limits of the means turn out to be the Catalan numbers, and these
are the moments of ρsc (Proposition 2.17, Exercise 2.21).

Lemma 2.2. For every k ≥ 1,

1

N

N∑
i=1

λk
i =

1

N
trMk.

Proof. Diagonalize: M = OΛO⊤ with O orthogonal and Λ diagonal, so Mk = OΛkO⊤ and
trMk = trΛk =

∑
i λ

k
i by cyclicity of the trace. ■

Remark 2.3 (The empirical spectral measure). The “limiting distribution” is the limit of the
probability measure ρ̂M = 1

N

∑
i δλi

that puts mass 1
N at each eigenvalue. The argument below

never needs it, and works with the numbers 1
N trMk directly. Neither does Lecture 7, where the

object is the function mN and a density falls out of a contour integral.

2.3 Two moments by hand

Averaging ∥Mu∥2 = u⊤M2u of Proposition 1.10 over the vectors of an orthonormal basis gives
1
N trM2, the first moment to compute.
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Proposition 2.4. E trM2 = N + 1.

Proof. trM2 =
∑

i,j MijMji, and (4) gives E[MijMji] =
1
N (δijδji + δiiδjj) =

1
N (1 + δij), so

E trM2 =
1

N

∑
i,j

(
1 + δij

)
=

1

N

(
N2 +N

)
= N + 1. ■

For the fourth moment Theorem 1.2 offers three pair partitions of the four factors.

Proposition 2.5. E trM4 = 2N + 5 +
5

N
.

Proof. Expanding, trM4 =
∑

i,j,k,l MijMjkMklMli, and Theorem 1.2 splits each term into the
three pair partitions of the four factors. Take them in turn.

The pairing {12}{34}. By (4), E[MijMjk] =
1
N (δijδjk + δik) and E[MklMli] =

1
N (δklδli + δki).

Multiplying out gives four terms; summing each over i, j, k, l counts the index tuples it allows:

δijδjkδklδli︸ ︷︷ ︸
all equal: N

+ δijδjkδki︸ ︷︷ ︸
i=j=k: N2

+ δikδklδli︸ ︷︷ ︸
i=k=l: N2

+ δik︸︷︷︸
i=k: N3

,

so the contribution is 1
N2 (N

3 + 2N2 +N) = N + 2 + 1
N .

The pairing {14}{23}. The same computation with E[MijMli] =
1
N (δilδij + δjl) and E[MjkMkl] =

1
N (δjkδkl + δjl) gives N + 2 + 1

N again.

The pairing {13}{24}. Here

E[MijMkl]E[MjkMli] =
1
N2

(
δikδjl + δilδjk

)(
δjlδki + δjiδkl

)
,

whose four terms allow N2, N , N and N tuples respectively — the first is δikδjl, two constraints,
and each of the other three forces all four indices equal. The contribution is 1

N2 (N
2+3N) = 1+ 3

N .

Adding, E trM4 = 2(N + 2 + 1
N ) + 1 + 3

N = 2N + 5 + 5
N . ■

Dividing by N , 1
NE trM2 → 1 and 1

NE trM4 → 2. Two of the three pairings contributed at order
N and the third only at order 1. The rest of this section explains which pairings win, and why.

Exercise 2.6 (type A). Show that E trM2k+1 = 0 for every k ≥ 0, with no computation — say
why. Then compute E[(trM)2].

2.4 Matrix products are sums over paths

For matrices A and B, (AB)ij =
∑

l AilBlj : a sum over all ways to go from i to j in two steps,
via some l, weighted by the product of the entries used. Iterating gives the same description of
any power.

Definition 2.7 (Paths). A path of length m from i to j is a sequence of vertices in {1, . . . , N},

π =
(
π(0), π(1), . . . , π(m)

)
, π(0) = i, π(m) = j,

also written π(0) → π(1) → · · · → π(m). It is closed if π(m) = π(0). Its ath step goes from
π(a − 1) to π(a) and traverses the edge {π(a − 1), π(a)}, which is a loop if π(a − 1) = π(a). Its
weight is

W (π) =
m∏
a=1

Mπ(a−1)π(a).
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The entry on an edge does not depend on the direction of traversal, because Mab = Mba. Expand-
ing the products,

(Mm)ij =
∑

π: i→j

W (π), so E trMm =
N∑
i=1

∑
π: i→i

EW (π),

the inner sums running over paths of length m from i to j, respectively from i back to i. We
record this as

E trMm =
∑

π closed, length m

EW (π). (5)

Lemma 2.8. Let π be a closed path of length m. Then EW (π) = 0 unless π traverses every edge,
loops included, an even number of times. In every case |EW (π)| ≤ cmN−m/2, with cm depending
only on m.

Proof. Group the factors ofW (π) by edge. Entries on distinct edges are independent, so EW (π) =∏
e E[Mne

e ], where ne is the number of traversals of e and
∑

e ne = m. Odd moments of a centered
Gaussian vanish, and |EMn

e | ≤ (2/N)n/2E|g|n. ■

In particular only closed paths that traverse every edge at least twice contribute to (5).

2.5 The same two moments, by paths

m = 2. A closed path of length 2 is i → j → i: it traverses the edge {i, j} twice, out and
back. There are N(N − 1) such paths with i ̸= j, each with EM2

ij =
1
N , and N loops, each with

EM2
ii =

2
N : again E trM2 = N − 1 + 2 = N + 1.

m = 4. Sort the closed paths of length 4 that traverse every edge at least twice by their shape:

shape example vertices contribution
two edges from one vertex i → j → i → l → i 3 N(N − 1)(N − 2) ·N−2 = N +O(1)
a path out and back i → j → k → j → i 3 N(N − 1)(N − 2) ·N−2 = N +O(1)
one edge, four times i → j → i → j → i 2 N(N − 1) · 3N−2 = O(1)
loops, other coincidences ≤ 2 O(1)

The first two shapes use three distinct vertices and two distinct edges, each traversed exactly
twice, once out and once back; they are the ones of order N . The graph they trace out is a tree.
The third uses one edge four times and has only two vertices.

From a path to a pair partition. In a path that traverses each edge exactly twice, pair the two
steps that traverse the same edge. For i → j → i → l → i this pairs steps 1, 2 and steps 3, 4:
the partition {12}{34}. For i → j → k → j → i it pairs steps 2, 3 and steps 1, 4: the partition
{14}{23}. These are exactly the two pairings that contributed at order N in Proposition 2.5. The
third pairing, {13}{24}, would need step 1 and step 3 on one edge and steps 2, 4 on another; in
a closed path i → j → k → l → i that forces i = k and j = l, the single-edge path, with only two
vertices. What distinguishes it is the following.

Definition 2.9 (Crossing). Draw the 2q points of a pair partition on a line and join each block
by an arc above it. Two blocks {a, b} and {c, d} cross if a < c < b < d. A pair partition with
no crossing blocks is non-crossing ; there are 1, 2, 5, 14, . . . of them on 2, 4, 6, 8 points, against
1, 3, 15, 105 pair partitions in total.
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Remark 2.10 (What a crossing costs). A path of order N had three vertices, a path compatible
with the crossing pairing only two. Each vertex is a free index and is worth a factor of N . The
crossing pairing loses one vertex, and with it one power of N .

Two warnings about the correspondence. First, a path determines its pairing only at leading
order: the single-edge path i → j → i → j → i traverses its edge four times, so Theorem 1.2
pairs its steps in all three ways, EM4

ij = 3(EM2
ij)

2, and no single pairing belongs to it. Second,
“crossing” refers only to the arcs of a pair partition; the steps of a path traverse edges.

Remark 2.11 (Real versus complex). The two delta terms in (4) come from Mij = Mji. A
complex Hermitian matrix has E[HijHkl] = 1

N δilδjk, one term instead of two, and then the
crossing partition leaves three constraints rather than two and costs N−2. One extra way of
gluing two entries together is the whole difference between the two ensembles.

2.6 Every moment

The odd moments vanish: E trM2k+1 = 0, because the weight of a path of odd length is a product
of an odd number of centered jointly Gaussian variables. From now on the power is even, 2k.

Fix a starting vertex. Every closed path starts somewhere, and the starting point can be fixed at
no cost.

Lemma 2.12. For every vertex i,

1

N
E trM2k = E

(
M2k

)
ii
=

∑
π: i→i

EW (π).

Proof. For a permutation matrix Q, the matrix QMQ⊤ has the same law as M (Remark 1.8), and
(QM2kQ⊤)ii is another diagonal entry of M2k. So all N diagonal entries of M2k have the same
law, and their average 1

N trM2k has the same mean as any one of them. ■

Fixing the starting vertex removes the factor 1
N , and the whole argument is now a count of vertices.

By Lemma 2.8 with m = 2k, EW (π) = 0 unless π traverses every edge an even number of times,
and |EW (π)| ≤ c2kN

−k always.

Lemma 2.13 (A tree is the sparsest connected graph). Let π be a path of length 2k from i to
i that traverses every edge at least twice, and let v be its number of distinct vertices, i included.
Then v ≤ k + 1, with equality if and only if the edges it traverses form a tree with k edges, each
traversed exactly twice.

Proof. Each edge takes at least two of the 2k steps, so there are at most k distinct edges. The
graph they form is connected, because a single path runs through all of it, and a connected graph
on v vertices has at least v − 1 edges that are not loops, with equality exactly for a tree. So
v ≤ k+1, and equality forces k distinct edges, none a loop, forming a tree, each traversed exactly
twice. ■

Call a path as in the equality case a tree path. Deleting an edge disconnects a tree, so a path
in a tree that returns to its start traverses each edge alternately in each direction: a tree path
traverses each of its k edges once out and once back.

9



Proposition 2.14 (Only tree paths survive). Let Tk,N be the number of tree paths of length 2k
from i. Then

1

N
E trM2k = N−k Tk,N +O

( 1

N

)
.

Proof. Sort the paths π : i → i by their number v of distinct vertices. By Lemma 2.8, only paths
traversing every edge at least twice contribute, and by Lemma 2.13 these have v ≤ k + 1.

Paths with v vertices are at most ck,vN
v−1 in number. Record which of the times 0, 1, . . . , 2k visit

the same vertex: there are at most ck,v such patterns, depending only on k and v. Given the
pattern, the v − 1 vertices other than i are chosen from N − 1.

So the paths with v ≤ k contribute at most ck,vN
v−1 · c2kN−k = O(1/N) in total, by Lemma 2.8.

The paths with v = k + 1 are the tree paths. A tree has no loops, so each of the k edges of a
tree path joins two distinct vertices, carries an entry of variance 1

N , and is traversed exactly twice:
EW (π) = N−k exactly. ■

It remains to count tree paths, and this is where the non-crossing pair partitions enter. The
pairing of a tree path pairs the two steps that traverse each edge.

Lemma 2.15. The pairing of a tree path is non-crossing. Conversely, each non-crossing pair
partition of the 2k steps is the pairing of exactly (N − 1)(N − 2) · · · (N − k) tree paths from i.

Proof. Suppose the pairing of a tree path had crossing blocks {a, b} and {c, d}, a < c < b < d,
and let e be the edge traversed at steps a and b. Between steps a and b the path is on the far
side of e, and after step b it is on the near side for good, since e is traversed only twice. The edge
traversed at step c therefore lies on the far side, yet it is traversed again at step d, from the near
side. That is impossible.

For the converse, induct on k. For k = 1 the tree paths are i → j → i with j ̸= i, and there are
N − 1 of them. A non-crossing pair partition P has a block of adjacent steps {r, r + 1}: take a
block {a, b} with b − a smallest, and note that a point strictly inside it would be paired inside
it. In a tree path with pairing P , steps r and r + 1 traverse the same edge out and back, so
π(r+1) = π(r−1), and π(r) is visited at no other time: it is a leaf, and it is not i. Deleting those
two steps leaves a tree path of length 2k − 2 from i whose pairing is P with that block removed,
still non-crossing. Conversely, any such shorter tree path extends by inserting an excursion to a
new leaf after its (r− 1)st step, and the leaf can be any of the N − k vertices it has not yet used.
So the count is (N − 1) · · · (N − k + 1) · (N − k). ■

Proposition 2.16. Let Ck be the number of non-crossing pair partitions of 2k points. Then

1

N
E trM2k = Ck

(
1− 1

N

)(
1− 2

N

)
· · ·

(
1− k

N

)
+O

( 1

N

)
−→ Ck.

Proof. By Lemma 2.15, Tk,N = Ck(N−1) · · · (N−k). Multiply byN−k and apply Proposition 2.14.
■

Proposition 2.17 (Catalan). Let Ck be the number of non-crossing pair partitions of 2k points,
with C0 = 1. Then Ck =

∑k−1
j=0 CjCk−1−j, so C1, . . . , C5 = 1, 2, 5, 14, 42. The generating function

C(w) =
∑

k Ckw
k satisfies

C(w) = 1 + wC(w)2, (6)

so that C(w) = 1−
√
1−4w
2w and Ck = 1

k+1

(
2k
k

)
.

10



Proof. Let {1, b} be the block containing the point 1. A block joining a point strictly between 1
and b to a point after b would cross {1, b}, so the points strictly inside pair among themselves and
those after b pair among themselves. Hence b = 2j + 2 for some j, the inside carries any of Cj

partitions and the outside any of Ck−1−j , and summing over j gives the recursion. Multiplying by
wk and summing over k ≥ 1 turns the convolution into a product, C−1 = wC2. Of the two roots,

only 1−
√
1−4w
2w is finite at w = 0, and the binomial series for

√
1− 4w gives the closed form. ■

2.7 The fluctuations are small

Proposition 2.18. For every m, Var
(
1
N trMm

)
= O(1/N).

Proof. By (5), Var(trMm) =
∑

π,π′ Cov
(
W (π),W (π′)

)
over pairs of closed paths of length m. If

π and π′ traverse no common edge, W (π) and W (π′) are functions of disjoint sets of entries, hence
independent, and the covariance is 0. If some edge is traversed an odd number of times by the
two paths together, then E[W (π)W (π′)] = 0, and one of EW (π), EW (π′) is 0, by the argument
of Lemma 2.8. So the surviving pairs share an edge, which makes the union of the two paths
connected, and traverse every edge at least twice in total, which gives the union at most m edges.
By the argument of Lemma 2.13 it then has at most m + 1 vertices. There are at most cNm+1

such pairs, each covariance is at most c′N−m by Lemma 2.8, and so Var(trMm) = O(N). ■

Since 1
NE trM2k → Ck > 0, this gives Var /(E)2 → 0, which is idea 3. The bound is not sharp —

in fact Var(trMm) = O(1) — but it is all idea 3 needs.

Proof of Theorem 2.1. By Lemma 2.2 and Propositions 2.16 and 2.17, the mean of 1
N

∑
i λ

m
i

tends to Ck if m = 2k and is 0 if m is odd. By Exercise 2.21 these are the moments of ρsc. By
Proposition 2.18 and Chebyshev’s inequality, 1

N

∑
i λ

m
i is within o(1) of its mean with probability

tending to one. ■

Remark 2.19 (What was used). Gaussianity entered only through Lemma 2.8. The proof of
Proposition 2.14 used only that an edge traversed once gives 0 and that moments are bounded, and
a tree path sees nothing about an entry but its variance. The same proof works for any symmetric
matrix with independent centered entries, variance 1

N off the diagonal, and E|Mij |p ≤ cpN
−p/2.

Only the second moment of an entry survives the leading order, which is why the semicircle is
universal.

Exercise 2.20 (type A). Draw all 15 pair partitions of 6 points, mark the crossings, and check
that exactly 5 are non-crossing. For each of those five, draw a tree path with that pairing and
check that it has 4 vertices.

Exercise 2.21 (type B). Show that ρsc is a probability density and that its odd moments vanish.
Then check by direct integration that∫ 2

−2
x2 ρsc(x) dx = 1,

∫ 2

−2
x4 ρsc(x) dx = 2,

which are C1 and C2. Substitute x = 2 sin θ. The general statement
∫
x2kρsc = Ck is true and is

what Theorem 2.1 needs; you are checking the first two cases.

assigned Lecture 6, due at the start of Lecture 7: Exercises 2.6, 2.20, 2.21. Three problems. Do 2.20 with
a pen and paper, not a computer — the picture is the point.
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3 The Stieltjes transform

Q. The counting proof produced a list of numbers, and then recognized them. Where does
the density 1

2π

√
4− x2 come from?

From a function of one complex variable. The Stieltjes transform of M encodes the whole
spectrum, a contour integral reads eigenvalue counts back off it, and the density is the
imaginary part of its limit on the real axis. This lecture sets that up; the next one finds the
limit.

The counting proof left four things undone.

(i) It never produced a density. It produced a sequence of numbers that we recognized; perturb
the model and there is nothing to recognize.

(ii) It requires all moments finite.

(iii) It gives no local information — nothing about one eigenvalue, a gap, or the edge.

(iv) It does not survive deformation: unequal variances, or a rank-one spike, and the combina-
torics does not adapt.

All four are repaired by replacing the polynomials xk with a different family of test functions.

3.1 The Stieltjes transform of a matrix

Definition 3.1 (Resolvent and Stieltjes transform). Let M be a symmetric N ×N matrix with
eigenvalues λ1, . . . , λN . For z ∈ C not an eigenvalue, the resolvent is the matrix (M − zI)−1, and
the Stieltjes transform of M is

mN (z) =
1

N
tr
(
M − zI

)−1
=

1

N

N∑
i=1

1

λi − z
.

The second equality is the trace lemma again: diagonalizing M = OΛO⊤ gives (M − zI)−1 =
O(Λ− zI)−1O⊤, whose eigenvalues are the numbers 1

λi−z .

Two facts will be used constantly. First, for z off the real axis the resolvent exists, because M is
symmetric and so has real eigenvalues, and∥∥(M − zI)−1

∥∥ = max
i

1

|λi − z|
≤ 1

|ℑz|
, hence

∣∣mN (z)
∣∣ ≤ 1

|ℑz|
. (7)

Second, mN is analytic on C minus the spectrum, being a rational function of z. Third, for ℑz > 0
every term ℑ 1

λi−z = ℑz
|λi−z|2 is positive, so ℑmN (z) > 0.

When M is random, so is mN : it is the transform of the matrix in hand. Its mean EmN (z) is a
deterministic function of z, also with positive imaginary part and modulus at most 1/|ℑz|, and
the expectation will always be written out, so that mN never means anything but the random
quantity. Two things will be shown about it. At each fixed z off the real axis, mN (z) is close
to EmN (z) (§4.3), with an error that blows up as ℑz → 0 — at fixed N the random transform
becomes a comb of spikes as z approaches the axis while its mean stays smooth, so the closeness
is genuinely a fixed-ℑz statement. And EmN (z) converges as N → ∞ (§4.4).

Remark 3.2. Ridge regression in §2.5 of Lectures 1–2 is (H⊤H+λI)−1H⊤y, and the matrix inverted
there is a resolvent at z = −λ.
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3.2 Counting eigenvalues with the Cauchy integral formula

Nothing is lost in passing from M to mN : the eigenvalues can be read back off. The question we
actually want to answer is a counting question — how many eigenvalues lie in (a, b)? — and the
Cauchy integral formula answers it directly.

Recall. If f is analytic inside and on a positively oriented simple closed contour Γ except for
finitely many poles, none on Γ, then 1

2πi

∮
Γ f(z) dz is the sum of the residues at the poles inside.

The Cauchy integral formula is the case f(z) = g(z)
z−w with g analytic, whose residue at w is g(w).

Proposition 3.3 (The eigenvalues are the poles). mN has a simple pole at each distinct eigenvalue
λ of M , with residue −k/N , where k is the multiplicity of λ; it is analytic elsewhere. Consequently,
for every positively oriented simple closed contour Γ with no eigenvalue on it,

− N

2πi

∮
Γ
mN (z) dz = #

{
i : λi inside Γ

}
,

counted with multiplicity.

Proof. Group equal eigenvalues: mN (z) = 1
N

∑
i

1
λi−z = 1

N

∑
λ

−kλ
z−λ , a finite sum of simple poles

with residues −kλ/N . Apply the residue theorem and multiply by N . ■

So the spectrum and the transform carry the same information: the eigenvalues are the poles, the
multiplicities are the residues, and integrating mN around a region counts eigenvalues in it.

Proposition 3.3 allows any contour. Take the one adapted to the question and let it collapse onto
the real axis. What comes out is the inversion formula for the Stieltjes transform, in the form we
want: an eigenvalue count.

Theorem 3.4 (Inversion, as a count). Let M be symmetric with eigenvalues λ1, . . . , λN , let a < b
be real numbers that are not eigenvalues of M , and let ε > 0. Then

#
{
i : λi ∈ (a, b)

}
=

N

π

∫ b

a
ℑmN (x+ iε) dx+

1

π

N∑
i=1

(
arctan

ε

λi − a
− arctan

ε

λi − b

)
.

Consequently, writing di = min(|λi − a|, |λi − b|) for the distance from λi to the endpoints,∣∣∣∣ #{
i : λi ∈ (a, b)

}
− N

π

∫ b

a
ℑmN (x+ iε) dx

∣∣∣∣ ≤
N∑
i=1

min
(
1,

2ε

πdi

)
.

Proof. Let Γε be the boundary of the rectangle [a, b]× [−ε, ε], positively oriented. No eigenvalue
lies on it: the eigenvalues are real, and the only real points of Γε are a and b. The eigenvalues
inside are exactly those in (a, b), so Proposition 3.3 gives

#
{
i : λi ∈ (a, b)

}
= − N

2πi

∮
Γε

mN (z) dz.

We compute all four edges exactly. Because the λi are real,

mN (z) =
1

N

∑
i

( 1

λi − z

)
=

1

N

∑
i

1

λi − z̄
= mN (z̄),
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so the bottom edge, traversed left to right at height −ε, contributes
∫ b
a mN (x+ iε) dx, while the

top edge, traversed right to left at height +ε, contributes −
∫ b
a mN (x+ iε) dx. Their sum is∫ b

a

(
mN (x+ iε)−mN (x+ iε)

)
dx = −2i

∫ b

a
ℑmN (x+ iε) dx,

and multiplying by − N
2πi turns this into

N
π

∫ b
a ℑmN (x+iε) dx. The horizontal edges of the contour

are the inversion formula.

On the left edge z = a + iy with y running from ε down to −ε and dz = i dy, so it contributes
−i

∫ ε
−εmN (a+ iy) dy. For a single term of mN put u = λi−a ̸= 0; then 1

u−iy = u+iy
u2+y2

, the iy part
is odd in y and integrates to zero, and∫ ε

−ε

u dy

u2 + y2
= 2arctan

ε

u
.

So the left edge contributes − 2i
N

∑
i arctan

ε
λi−a , and the right edge, traversed upward, contributes

+ 2i
N

∑
i arctan

ε
λi−b by the same computation. Multiplying by − N

2πi gives the two arctangent sums
in the statement.

For the bound, | arctan t| ≤ min(π2 , |t|), so the ith term of the correction is at most

1

π

[
min

(π
2
,

ε

|λi − a|

)
+min

(π
2
,

ε

|λi − b|

)]
≤ min

(
1,

2ε

πdi

)
.

■

The correction is a sum over eigenvalues in which those far from the endpoints contribute O(ε/di)
and those within ε of an endpoint contribute O(1). Divide by N and split the sum at a threshold
η:

Corollary 3.5 (The proportion). For every ε > 0 and η > 0,∣∣∣∣ 1

N
#
{
i : λi ∈ (a, b)

}
− 1

π

∫ b

a
ℑmN (x+ iε) dx

∣∣∣∣ ≤ 2ε

πη
+

#{i : di ≤ η}
N

.

Proof. In the sum of Theorem 3.4, the terms with di > η are each at most 2ε
πη and there are at

most N of them; the terms with di ≤ η are each at most 1. ■

The second term is the one to worry about: it is a statement about where the eigenvalues are,
which is what we are trying to find out. The way around this is that the transform controls its
own local counts.

Lemma 3.6 (The transform bounds local counts). For every real a and every η > 0,

1

N
#
{
i : |λi − a| ≤ η

}
≤ 2η ℑmN (a+ iη).

Proof. ℑmN (a + iη) = 1
N

∑
i

η
(λi−a)2+η2

, every term is positive, and each term with |λi − a| ≤ η

is at least 1
N · η

2η2
= 1

2ηN . ■
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So the proportion of eigenvalues within η of a is at most 2ηℑmN (a + iη), and mN is the very
quantity the rest of the lecture computes. Nothing about a density needs to be assumed; it will
be read off the limit.

Proposition 3.7 (From the transform to the proportion). Suppose there is a function m on the
upper half plane with ℑm ≤ K such that, for every ε > 0 and every L < ∞,

sup
|x|≤L

∣∣EmN (x+ iε)−m(x+ iε)
∣∣ −→ 0 and sup

|x|≤L
E
∣∣mN (x+ iε)− EmN (x+ iε)

∣∣ −→ 0

as N → ∞. Then for all real a < b the limit

ℓ(a, b) = lim
ε↓0

1

π

∫ b

a
ℑm(x+ iε) dx

exists, and

E
∣∣∣∣ 1

N
#
{
i : λi ∈ (a, b)

}
− ℓ(a, b)

∣∣∣∣ −→ 0.

Proof. Fix ε, η > 0 and write pN = 1
N#{i : λi ∈ (a, b)}. Corollary 3.5 together with Lemma 3.6

at a and at b gives, for every realization of M ,∣∣∣ pN − 1

π

∫ b

a
ℑmN (x+ iε) dx

∣∣∣ ≤ 2ε

πη
+ 2η

(
ℑmN (a+ iη) + ℑmN (b+ iη)

)
.

Inside the integral replace mN by m. Since |ℑmN −ℑm| ≤ |mN − EmN |+ |EmN −m|, writing

rN (ε) = sup
x∈[a,b]

E
∣∣mN (x+ iε)− EmN (x+ iε)

∣∣+ sup
x∈[a,b]

∣∣EmN (x+ iε)−m(x+ iε)
∣∣

we have E
∣∣ 1
π

∫ b
a (ℑmN −ℑm)(x+ iε) dx

∣∣ ≤ b−a
π rN (ε). Take expectations in the first display:

E
∣∣∣ pN − 1

π

∫ b

a
ℑm(x+ iε) dx

∣∣∣ ≤ 2ε

πη
+ 2η

(
ℑEmN (a+ iη) + ℑEmN (b+ iη)

)
+

b− a

π
rN (ε).

Let N → ∞. Then rN (ε) → 0 by hypothesis, and ℑEmN (a+ iη) → ℑm(a+ iη) ≤ K, likewise at
b. Hence

lim sup
N→∞

E
∣∣∣ pN − 1

π

∫ b

a
ℑm(x+ iε) dx

∣∣∣ ≤ 2ε

πη
+ 4Kη =

( 2

π
+ 4K

)√
ε

on choosing η =
√
ε. Applying this with two values ε, ε′ and the triangle inequality through the

same pN shows that 1
π

∫ b
a ℑm(x+ iε) dx and the same at ε′ differ by at most ( 2π +4K)(

√
ε+

√
ε′);

so the limit ℓ(a, b) exists. Then lim supN E|pN − ℓ| ≤ ( 2π + 4K)
√
ε+

∣∣ 1
π

∫ b
a ℑm(x+ iε) dx− ℓ

∣∣ for
every ε > 0, and the right side tends to 0 as ε ↓ 0. ■

Remark 3.8 (The order of the limits). In the proof, N → ∞ is taken at fixed ε, and only afterwards
does ε ↓ 0. That order is forced: the error in Corollary 3.5 is small uniformly in N , but only once
ε ≪ η and η is small, and neither has anything to do with N . The reverse order asks a different
question. At fixed N , Theorem 3.4 says the error in the count is

∑
imin(1, 2ε

πdi
), which with N

eigenvalues at spacing of order 1
N is of order εN logN ; so counting exactly needs ε below the

spacing. That is the local regime, and Exercise 3.12 shows what ℑmN looks like there: a comb
of spikes, one per eigenvalue. Exercise 3.11 is a picture of both regimes, with the crossover at
ε ∼ 1/N .
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Theorem 3.4 is the only place a density will come from, and it is now proved rather than quoted.
It also tells us exactly what to compute. Lecture 8 computes

ρ(x) = lim
ε↓0

lim
N→∞

1

π
ℑEmN (x+ iε). (8)

Proposition 3.7 is what entitles the answer to be called a density: once EmN → m is known,
the proportion of eigenvalues in any interval converges to the integral of the right-hand side of
(8) over that interval, with no further assumption. Two comments on (8). The expectation is
harmless: at fixed ε, mN is within O(1/N) of its mean in L1, which is §4.3, so the box could
equally be written with mN and the inner limit taken in L1. And the order of the limits is not a
technicality, it is the content: taking ε ↓ 0 first, at fixed N , returns the N individual eigenvalues
and no density at all.

3.3 The transform at infinity: a generating function for traces

The other end of the picture is z → ∞. For |z| > maxi |λi| the Neumann series (M − zI)−1 =
−
∑

k≥0M
k/zk+1 converges, and taking traces gives

mN (z) = −
∑
k≥0

1

zk+1
· 1

N
trMk, that is − z mN (z) =

∑
k≥0

( 1

N
trMk

) 1

zk
. (9)

So near infinity the normalized transform is the generating function of the normalized trace
moments in the variable 1/z: it carries exactly the information §2 computed, one coefficient at a
time. The k = 0 term gives

mN (z) = −1

z
+O

(
|z|−2

)
,

which matches the behavior of the limit found in §4.4, Lemma 4.9(b), and is where Remark 4.16
starts.

By §2.4, trMk is a sum over closed paths of length k, so:

Remark 3.9 (What the resolvent is). −z mN (z) is the generating function of closed paths in M ,
counted by length and divided by N , with 1/z marking a step. The two proofs of Theorem 2.1 are
two ways of reading one function: §2 computes its Taylor coefficients at z = ∞ one at a time, by
counting paths; §4.2 finds an equation for the whole function without computing any coefficient.
For the semicircle the coefficients are the Catalan numbers, m(z) = −

∑
k≥0Ckz

−(2k+1), the odd
moments vanishing by symmetry.

Exercise 3.10 (type A). Compute mN (z) = 1
N

∑N
i=1

1
λi−z in closed form in two cases: (a) M = 0;

(b) M with N/2 eigenvalues equal to −1 and N/2 equal to +1. In each case verify the bound (7),
and check that mN (z) = −1

z +O(|z|−2) as z → ∞.

Exercise 3.11 (type A). Numerically, for a GOE matrix at N = 2000, plot 1
πℑmN (λ+iε) against

λ ∈ [−3, 3] for ε = 1, 0.1 and 0.001, with ρsc overlaid. At ε = 1 the curve is a smoothed semicircle;
at ε = 0.001 it is a forest of spikes at the individual eigenvalues. Somewhere in between is the
global law, and the crossover is at ε ∼ 1/N .

Exercise 3.12 (type B). Each eigenvalue is visible in the transform, and so is its multiplicity. Let
M be symmetric with eigenvalues λ1, . . . , λN . Show that for λ ∈ R and ε > 0,

ℑmN (λ+ iε) =
1

N

N∑
i=1

ε

(λi − λ)2 + ε2
> 0,
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so ℑmN > 0 on the upper half plane, and deduce that for every λ ∈ R

lim
ε↓0

εℑmN (λ+ iε) =
1

N
#{i : λi = λ}.

Each eigenvalue contributes a bump of height 1
Nε and width ε to ℑmN . Use this to explain the

picture in Exercise 3.11: why the bumps must overlap before 1
πℑmN can look like a curve, and

why that forces ε ≫ 1/N .

assigned Lecture 7, due at the start of Lecture 8: Exercises 3.10, 3.11, 3.12. Three problems, one of them
numerical. Nothing here needs Lecture 8.

4 The semicircle law by the Stieltjes transform

Q. How do we find the limit of EmN (z) without computing a single moment?

From a fixed-point equation. Deleting one row and column of M expresses one diagonal
entry of the resolvent through the resolvent of the smaller matrix; averaging turns that into
an equation the transform must satisfy, up to an error that concentration kills. The equation
is stable, so EmN converges to its solution, and Remark 4.11 reads the semicircle off the
solution.

Throughout, M is a Gaussian Wigner matrix, z is fixed with ℑz = ε > 0, and mN , EmN are as
in Definition 3.1. The lecture has four parts: a piece of linear algebra (§4.1), the derivation of the
equation with explicit error bounds (§4.2), the one probabilistic estimate that derivation needs
(§4.3), and the solution of the equation together with the theorem it proves (§4.4). By the end,
Proposition 3.7 has everything it asks for.

4.1 The Schur complement

The mechanism of the whole lecture is that one diagonal entry of a resolvent can be written in
terms of the resolvent of a smaller matrix. That is linear algebra, and it holds for any block
matrix.

Lemma 4.1 (Schur complement). Let

A =

(
P Q
R S

)
be a square matrix in block form with S square and invertible, and put T = P −QS−1R, the Schur
complement of S in A. Then A is invertible if and only if T is, and in that case

A−1 =

(
T−1 −T−1QS−1

−S−1RT−1 S−1 + S−1RT−1QS−1

)
.

In particular the upper-left block of A−1 is T−1.

Proof. Eliminate Q by a block row operation:(
I −QS−1

0 I

)(
P Q
R S

)
=

(
T 0
R S

)
=: L.
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The left factor U is invertible, with U−1 =

(
I QS−1

0 I

)
, so A is invertible exactly when L is,

and L is block lower triangular with diagonal blocks T and S, hence invertible exactly when T is.
Then A−1 = L−1U , and

L−1 =

(
T−1 0

−S−1RT−1 S−1

)
, L−1U =

(
T−1 −T−1QS−1

−S−1RT−1 S−1 + S−1RT−1QS−1

)
,

which is the stated inverse. ■

Taking P to be the single entry in position (1, 1) makes T a scalar, and the lemma reads as follows.

Corollary 4.2. Let A =

(
α b⊤

b D

)
with α scalar, b a column vector and D invertible. If α −

b⊤D−1b ̸= 0 then A is invertible,

g :=
(
A−1

)
11

=
1

α− b⊤D−1b
, and trA−1 = trD−1 + g

(
1 + b⊤D−2b

)
.

Proof. The first formula is the upper-left block. The lower-right block is D−1 + g D−1bb⊤D−1,
whose trace is trD−1 + g b⊤D−2b; add the corner entry g. ■

Apply this to A = M − zI. Write M (1) for M with its first row and column deleted, and
a = (M21, . . . ,MN1)

⊤ ∈ RN−1 for the rest of the first column. Then α = M11 − z, b = a,
D = M (1) − zI, and ((

M − zI
)−1

)
11

=
1

M11 − z − a⊤
(
M (1) − zI

)−1
a
. (10)

Remark 4.3. This is the same identity as §2.4 of Lectures 1–2, where the Schur complement gave
the conditional variance of a Gaussian vector. There the small matrix was a covariance; here it
is a resolvent.

4.2 The self-consistent equation

Fix z with ℑz > 0 and write R = (M (1) − zI)−1. Write ε = ℑz. The argument has four steps, of
which only the second is probabilistic, and it ends with a quantitative statement.

Step 0: one entry is enough. For a permutation matrix Q, QMQ⊤ has the same law as M
(Remark 1.8) and (Q(M−zI)−1Q⊤)11 is another diagonal entry of the resolvent, so all N diagonal
entries have the same law and

EmN (z) = E
[(
(M − zI)−1

)
11

]
. (11)

Step 1: Schur. By (10), that entry is
(
M11 − z − a⊤Ra

)−1
. Note first that the denominator

can never be small: a⊤Ra =
∑

k
⟨a,uk⟩2
µk−z , where µk and uk are the eigenvalues and eigenvectors of

M (1), so ℑ(a⊤Ra) > 0, and therefore∣∣M11 − z − a⊤Ra
∣∣ ≥ ℑz. (12)

Everything below is a perturbation of that denominator, and (12) converts it into a perturbation
of the entry: if |w|, |w′| ≥ ℑz then |w−1 − w′−1| ≤ |w − w′|/(ℑz)2.
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Step 2: the quadratic form concentrates. The vector a consists of the entries M21, . . . ,MN1,
and M (1) consists of entries Mij with i, j ≥ 2. These are disjoint sets of entries of M , so a is
independent of M (1), and hence of R. Also a ∼ N (0, 1

N IN−1).

Lemma 4.4. Let R be a (possibly complex) symmetric (N − 1) × (N − 1) matrix and a ∼
N (0, 1

N IN−1). Then

E
[
a⊤Ra

]
=

1

N
trR, E

∣∣∣a⊤Ra− 1

N
trR

∣∣∣2 = 2

N2

∑
r,s

|Rrs|2.

In particular, if R = (M (1) − zI)−1 then the right-hand side is at most
2

N(ℑz)2
.

Proof. E[aras] = δrs
N gives the mean. For the second moment, a⊤Ra− 1

N trR =
∑

r,sRrs

(
aras −

δrs
N

)
, so

E
∣∣∣a⊤Ra− 1

N trR
∣∣∣2 = ∑

r,s,t,u

RrsRtu

(
E[arasatau]−

δrsδtu
N2

)
.

By Theorem 1.2, E[arasatau] = 1
N2 (δrsδtu + δrtδsu + δruδst), so the bracket is 1

N2 (δrtδsu + δruδst)
and the sum is

1

N2

(∑
r,s

RrsRrs +
∑
r,s

RrsRsr

)
=

2

N2

∑
r,s

|Rrs|2,

using Rsr = Rrs. Finally
∑

r,s |Rrs|2 = tr(RR̄⊤) is the sum of the squared singular values of R,
each at most ∥R∥ ≤ 1/ℑz by (7), and there are N − 1 of them. ■

So a⊤Ra = 1
N trR+εN with E|εN |2 ≤ 2

N(ℑz)2
: the quadratic form is its own average, to O(N−1/2)

in L2. This is the only place probability enters.

Step 3: the smaller trace is the same trace. What appears in Step 1 is 1
N trR, a resolvent

trace for the matrix one dimension down; what we want is mN = 1
N tr(M − zI)−1. They differ by

little, and the Schur complement says exactly how. By Corollary 4.2 with g = ((M − zI)−1)11,

tr
(
M − zI

)−1 − trR = g
(
1 + a⊤R2a

)
.

Two facts bound the right side. First, the imaginary part of the denominator in Step 1 is −ε −
ℑ(a⊤Ra), so |g| ≤

(
ε+ℑ(a⊤Ra)

)−1
. Second, R−R̄ = R

(
(M (1)− z̄I)−(M (1)−zI)

)
R̄ = 2iεRR̄, so

ℑ(a⊤Ra) = ε a⊤RR̄a = ε∥Ra∥2, because R is symmetric and a is real; while a⊤R2a = (Ra)⊤(Ra)
has modulus at most ∥Ra∥2. Writing t = ℑ(a⊤Ra) ≥ 0,

|g|
∣∣1 + a⊤R2a

∣∣ ≤ 1 + t/ε

ε+ t
=

1

ε
,

that is, ∣∣∣ tr (M − zI
)−1 − tr

(
M (1) − zI

)−1
∣∣∣ ≤ 1

ε
. (13)

Deleting a row and column moves the trace of the resolvent by at most one term’s worth. Dividing
by N , |mN − 1

N trR| ≤ 1
Nε .

Step 4: assemble. Put everything in the Step 1 denominator that is not −z − mN into one
remainder:

M11 − z − a⊤Ra = −z −mN +∆, ∆ = M11 −
(
a⊤Ra− 1

N
trR

)
+
(
mN − 1

N
trR

)
.
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By EM2
11 =

2
N , Lemma 4.4 and (13), using E|X| ≤ (EX2)1/2 on the first two terms,

E|∆| ≤
√

2

N
+

√
2

ε
√
N

+
1

Nε
.

Both −z −mN +∆ (by (12)) and −z −mN (because ℑmN > 0) have modulus at least ε, so by
the remark after (12) ∣∣∣((M − zI)−1

)
11

− 1

−z −mN

∣∣∣ ≤ |∆|
ε2

.

The same remark replaces mN by its mean, which also has ℑEmN > 0:
∣∣ 1
−z−mN

− 1
−z−EmN

∣∣ ≤
|mN−EmN |

ε2
. Now take expectations, using (11) on the left:∣∣∣EmN (z)− 1

−z − EmN (z)

∣∣∣ ≤ E|∆|+ E|mN − EmN |
ε2

=: δN (ε). (14)

One term is not yet controlled, E|mN − EmN |: the random transform must be close to its own
mean. That is §4.3, which gives E|mN − EmN | ≤ 3

Nε2
. Altogether, for 0 < ε ≤ 1 and every z

with ℑz = ε,

δN (ε) =
1

ε2

[√ 2

N
+

√
2

ε
√
N

+
1

Nε
+

3

Nε2

]
≤ 7

ε4
√
N

, (15)

which depends on z only through ε. So EmN satisfies

m(z) =
1

−z −m(z)
, that is m2 + zm+ 1 = 0, (16)

up to an error of order N−1/2. Section 4.4 shows the equation is stable, so that EmN converges
to its solution.

Equation (16) is a fixed-point equation for the answer, derived without knowing the answer. The
moment method had to be told what to recognize.

4.3 The trace concentrates

The estimate Step 4 still owes us is that mN is close to its mean EmN . It is the last missing piece,
and it is worth doing properly, because the size of the answer is surprising.

Here is the shape of the problem. NmN (z) =
∑

i
1

λi−z is a sum of N terms, each of modulus at
most 1/ℑz. If the λi were independent, such a sum would have variance of order N , and mN

would fluctuate at the scale N−1/2. We will find that the variance of the whole sum is O(1): the
eigenvalues are rigid enough that N of them together fluctuate no more than one of them does.

Lemma 4.5 (Gaussian Poincaré inequality). Let X1, . . . , Xn be independent, Xi ∼ N (0, σ2
i ), and

let f : Rn → R be continuously differentiable with bounded gradient. Then

Var f(X) ≤ π2

8

n∑
i=1

σ2
i E

[(
∂if(X)

)2]
.

Proof. Replacing f(x) by f(σ1x1, . . . , σnxn), we may take every σi = 1. Let Y be an independent
copy of X and interpolate along a rotation: for θ ∈ [0, π2 ] put

Xθ = X sin θ + Y cos θ, X ′
θ = X cos θ − Y sin θ.
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For fixed θ the pair (Xθ, X
′
θ) is a linear image of the standard Gaussian vector (X,Y ), hence jointly

Gaussian, with E[XθX
⊤
θ ] = E[X ′

θ(X
′
θ)
⊤] = I and E[Xθ(X

′
θ)
⊤] = (sin θ cos θ − cos θ sin θ)I = 0: so

Xθ and X ′
θ are independent standard Gaussian vectors. Since d

dθXθ = X ′
θ, with Xπ/2 = X and

X0 = Y ,

f(X)− f(Y ) =

∫ π/2

0
⟨∇f(Xθ), X

′
θ⟩ dθ,

and Cauchy–Schwarz on an interval of length π
2 gives (f(X)− f(Y ))2 ≤ π

2

∫ π/2
0 ⟨∇f(Xθ), X

′
θ⟩2dθ.

Take expectations; the integrand is bounded, so E and
∫
dθ commute. For fixed θ, condition

on Xθ: by the independence just established, E⟨∇f(Xθ), X
′
θ⟩2 = E∥∇f(Xθ)∥2 = E∥∇f(X)∥2.

Hence E[(f(X) − f(Y ))2] ≤ π2

4 E∥∇f∥2, and since X,Y are independent copies, Var f(X) =
1
2E[(f(X)− f(Y ))2]. ■

The constant π2

8 can be improved to 1, which is sharp, but nothing below depends on it.

Note what the right-hand side is and is not. It is not n times a typical squared derivative — it
is the sum. A function of n independent Gaussians whose n partial derivatives are each of size
n−1/2 has variance O(1), however large n is. Our f will be exactly of that type.

Proposition 4.6. Let M be a Gaussian Wigner matrix and let ℑz = ε > 0. Then

Var
(
ℜ tr(M − zI)−1

)
≤ π2

4 ε4
,

and the same bound holds for the imaginary part. Consequently

E
∣∣mN (z)− EmN (z)

∣∣2 ≤ π2

2N2ε4
, E

∣∣mN (z)− EmN (z)
∣∣ ≤ π√

2Nε2
<

3

Nε2
.

Proof. The independent coordinates are the entries Mij with i ≤ j, with VarMij = 1
N off the

diagonal and 2
N on it. Write R = (M−zI)−1 and f(M) = trR. Differentiating tr(M+tH−zI)−1

at t = 0 with the resolvent identity gives

d

dt

∣∣∣
t=0

tr
(
M + tH − zI

)−1
= − tr

(
RHR

)
= − tr

(
HR2

)
.

Taking H = Eij + Eji for i < j and H = Eii for the diagonal,

∂f

∂Mij
= −2

(
R2

)
ij

(i < j),
∂f

∂Mii
= −

(
R2

)
ii
.

So the Poincaré sum is∑
i<j

1

N
4
∣∣(R2)ij

∣∣2 +∑
i

2

N

∣∣(R2)ii
∣∣2 = 2

N

∑
i,j

∣∣(R2)ij
∣∣2.

Now diagonalize: M = OΛO⊤ makes R2 = O(Λ− zI)−2O⊤, whose eigenvalues are (λi− z)−2, and
the quantity

∑
i,j |(R2)ij |2 is unchanged by conjugating with O. Hence∑

i,j

∣∣(R2)ij
∣∣2 = ∑

i

1

|λi − z|4
≤ N

(ℑz)4
,

and the Poincaré sum is at most 2
ε4
, with no N left; Lemma 4.5 multiplies it by π2

8 . Since
|∂ijℜf | ≤ |∂ijf | ≤ 2/ε2, the lemma applies to ℜf and to ℑf separately, and adding the two gives
the second display after dividing by N2; the last inequality is Cauchy–Schwarz. ■
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The N ’s cancelled twice, in opposite directions: each derivative is of size N−1/2 because the
entries have variance 1

N , and there are N2 of them, but their squares sum to tr of a resolvent
power, which is N times a bounded number rather than N2 times one. The content is the identity∑

i,j |(R2)ij |2 =
∑

i |λi−z|−4: the gradient of a trace is not a generic vector, it is another spectral
sum.

Remark 4.7 (This is where rigidity shows up). Var tr(M −zI)−1 = O(1) says that linear statistics∑
i f(λi) of a random matrix satisfy a central limit theorem with no normalization at all — there

is no 1√
N
, because the sum of N terms is already of constant order. For independent points that

would be false. It is the first quantitative sign that the eigenvalues repel each other, which Lecture
8 makes exact.

Remark 4.8 (Gaussianity is a convenience, not the reason). A weaker bound holds for any Wigner
matrix with independent entries and no Gaussian assumption. Let Fk be generated by the first
k rows and columns of M , and split trR − E trR =

∑N
k=1Dk into martingale differences Dk =

E[trR | Fk] − E[trR | Fk−1]. The matrix M (k) with the kth row and column removed does
not involve the kth row, so tr(M (k) − zI)−1 has the same conditional expectation given Fk and
given Fk−1, and may be subtracted inside both terms; (13) then bounds |Dk| ≤ 2

ℑz . Martingale
differences are orthogonal, so Var trR = O(N) and Var

(
1
N trR

)
= O(1/N). That is already

enough for Step 4. The Gaussian argument is what improves O(1/N) to the true O(1/N2), and
it is needed for the rate in (15).

4.4 Solving the equation, and the theorem

The two roots. For ℑz > 0 the equation w2 + zw + 1 = 0 has two roots, with product 1
and sum −z. Neither lies on the unit circle: if |w| = 1 then the other root is 1/w = w̄, and
z = −(w+ w̄) = −2ℜw is real. So exactly one root lies inside the unit disk. Call it m(z), and the
other one m′(z) = 1/m(z). This is the definition of m. The familiar formula with a square root
comes out below, together with which square root it is.

Lemma 4.9 (The good root). Let ℑz = ε > 0.

(a) |m(z)| < 1, and m is continuous (indeed analytic) on the upper half plane.

(b) For |z| > 1, |m(z)| ≤ 1

|z| − 1
and

∣∣∣m(z) +
1

z

∣∣∣ ≤ 1

|z| (|z| − 1)2
; in particular m(z) = −1

z
+

O(|z|−3).

(c) ℑm(z) > 0 and ℑm′(z) < −ε.

(d) m(z) =
−z +

√
z2 − 4

2
, where

√
z2 − 4 is the square root with positive imaginary part. (A

number w /∈ [0,∞) has two square roots, negatives of each other, so exactly one has positive
imaginary part; and z2 − 4 /∈ [0,∞) whenever ℑz > 0, so this names one number for every
z in the upper half plane, continuously. It is not the principal branch: that one has its cut

where z2 − 4 < 0, which includes the whole imaginary axis, and −z+
√
z2−4

2 with the principal
root switches from the small root to the large one as z crosses it.) Moreover m extends
continuously to the closed upper half plane, with ℑm(λ + i0) = 1

2

√
4− λ2 for |λ| ≤ 2 and

ℑm(λ+ i0) = 0 for |λ| ≥ 2.

Proof. (a) |m| < 1 is the definition. The discriminant z2 − 4 does not vanish for ℑz > 0, so near
any point the two roots are given by two analytic functions of z; neither ever meets the unit circle,
so the one inside the disk stays inside, and it is m.
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(b) From m′ = −z −m and |m| < 1, |m′| ≥ |z| − 1, hence |m| = 1/|m′| ≤ 1
|z|−1 : the small root

is small because the big one is −z up to a bounded error and their product is 1. For the sharper
statement write the equation as m(−z −m) = 1, i.e. m = 1

−z−m . Then

m+
1

z
=

1

−z −m
+

1

z
=

m

z (z +m)
, so

∣∣∣m+
1

z

∣∣∣ ≤ |m|
|z| (|z| − 1)

≤ 1

|z| (|z| − 1)2
.

(c) From m + m′ = −z, ℑm + ℑm′ = −ε; from m′ = 1/m, ℑm′ = −ℑm/|m|2. Together,
ℑm (1 − |m|−2) = −ε, and since |m| < 1 the bracket is negative, so ℑm > 0. Then ℑm′ =
−ε−ℑm < −ε.

(d) Put s = m−m′. Then s2 = (m+m′)2− 4mm′ = z2− 4, so s is one of the two square roots of

z2− 4, and ℑs = ℑm−ℑm′ > 0 by (c). Hence m = (m+m′)+(m−m′)
2 = −z+s

2 , which is the formula,
with the branch now forced rather than chosen. For the boundary values let z = λ + iε → λ. If
|λ| < 2 then z2 − 4 → λ2 − 4 < 0, and the square root with positive imaginary part tends to
i
√
4− λ2. If |λ| > 2 then z2 − 4 → λ2 − 4 > 0 with ℑ(z2 − 4) = 2λε, so from above when λ > 2

and from below when λ < −2; the square root tends to +
√
λ2 − 4 and to −

√
λ2 − 4 respectively,

and m(λ + i0) is real. At λ = ±2 the square root tends to 0. In each case the limit is attained
continuously, and the formulas for ℑm(λ+ i0) follow. ■

Remark 4.10 (Why −1/z). Part (b) is worth seeing without the square root. The formula in (d)
has

√
z2 − 4 ≈ +z for large z in the upper half plane (the sign is fixed by the imaginary part), so

the two terms in −z+
√
z2 − 4 cancel at leading order and −1/z is what survives at the next one:√

z2 − 4 = z
√

1− 4/z2 = z − 2
z + O(|z|−3). That is correct but easy to get wrong. The proof of

(b) says the same thing with no branch to track: the roots multiply to 1, one of them is −z up to
a bounded error, so the other is −1/z up to a relative error of order |z|−2.

Remark 4.11 (Reading the density off the equation). The boundary values in (d) can be read
directly from w2+ zw+1 = 0, with no square root. At a real point z = x the coefficients are real,
so the two roots are either both real or a conjugate pair. If ℑm(x + i0) ̸= 0 they are conjugate,
so m′ = m̄ and |m|2 = mm′ = 1: on the support, m lies on the unit circle. Write m = eiθ and
divide the equation by eiθ:

eiθ + x+ e−iθ = 0 =⇒ x = −2 cos θ, ℑm(x+ i0) = sin θ = 1
2

√
4− x2.

If instead both roots are real, ℑm(x+i0) = 0. So the limiting density is 1
π sin θ at x = −2 cos θ and

zero elsewhere. This is where the name comes from: the graph of ρsc is an ellipse, but m(x+ i0)
traces the upper unit semicircle as x runs from −2 to 2, and the density is its height divided by
π.

Stability. An approximate solution of (16) in the upper half plane is close to m, and the error
only gets divided by ε.

Lemma 4.12 (Stability of the fixed point). Let ℑz = ε > 0, and let w ∈ C satisfy ℑw ≥ 0 and∣∣w − 1
−z−w

∣∣ ≤ δ. Then

|w −m(z)| ≤ δ

ε

(
|z|+ |w|

)
.

Proof. Multiplying the hypothesis by |z + w| gives |w2 + zw + 1| ≤ δ |z + w|, and w2 + zw + 1 =
(w −m)(w −m′). By Lemma 4.9(c), |w −m′| ≥ ℑw −ℑm′ > ε. Divide. ■
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Theorem 4.13 (Convergence of the transform). For ℑz = ε ∈ (0, 1],

∣∣EmN (z)−m(z)
∣∣ ≤ δN (ε)

ε

(
|z|+ 1

ε

)
≤

7
(
|z|+ ε−1

)
ε5
√
N

.

In particular EmN (x+ iε) → m(x+ iε) uniformly for x in bounded sets.

Proof. Apply Lemma 4.12 to w = EmN (z), which has ℑEmN > 0 and |EmN | ≤ 1
ε by (7), with

δ = δN (ε) from (14) and (15). ■

The theorem. Everything Proposition 3.7 asks for is now in hand.

Theorem 4.14 (The semicircle law, by the Stieltjes transform). Let M be a Gaussian Wigner
matrix with eigenvalues λ1, . . . , λN . For every a < b,

E
∣∣∣∣ 1

N
#
{
i : λi ∈ (a, b)

}
−
∫ b

a
ρsc(x) dx

∣∣∣∣ −→ 0, ρsc(x) =
1

2π

√
(4− x2)+ .

Proof. Check the hypotheses of Proposition 3.7. The first, EmN (x + iε) → m(x + iε) uniformly
on bounded sets of x, is Theorem 4.13. The second, supx E|mN (x + iε) − EmN (x + iε)| → 0, is
Proposition 4.6, whose bound 3

Nε2
does not involve x. The third, ℑm ≤ K, holds with K = 1

by Lemma 4.9(a). So the proposition gives E| 1N#{λi ∈ (a, b)} − ℓ(a, b)| → 0 with ℓ(a, b) =

limε↓0
1
π

∫ b
a ℑm(x + iε) dx. It remains to identify ℓ. By Lemma 4.9(d), m is continuous on the

compact set [a, b]×[0, 1], hence uniformly continuous there, so ℑm(x+iε) → ℑm(x+i0) uniformly
on [a, b] and

ℓ(a, b) =
1

π

∫ b

a
ℑm(x+ i0) dx =

1

π

∫ b

a

1
2

√
(4− x2)+ dx =

∫ b

a
ρsc(x) dx. ■

That is Theorem 2.1 again, in a sharper form — the proportion of eigenvalues in every interval,
in L1 — and the density arrived by contour integration rather than by recognition.

Remark 4.15 (What was used). Wick’s theorem (Lecture 5), in Lemma 4.4; the residue theorem,
in Proposition 3.3; and two facts proved here, the Schur complement and the Poincaré inequality.
Nothing else is quoted. The two places where an expectation was moved past an integral —∫ b
a dx in Proposition 3.7 and

∫ π/2
0 dθ in Lemma 4.5 — involve integrands bounded by a constant

depending only on ε, and in the first case x 7→ mN (x + iε) is Lipschitz with the deterministic
constant ε−2 by the resolvent identity, so the integral is a uniform limit of Riemann sums. The
rate N−1/2 in (15) is not sharp: the truth is N−1, and the loss is in bounding E|∆| by first
moments rather than expanding to second order.

Remark 4.16 (The two proofs are the same equation). Expanding m for large |z| as in (9) gives
m(z) = −

∑
k≥0Ckz

−(2k+1), so with w = z−2 we have −zm(z) = C(w). Substituting into the

Catalan relation (6) returns −zm = 1+m2, which is (16). The recursion that counts non-crossing
pair partitions and the self-consistent equation for the resolvent are one equation written twice.

Return to the four complaints. The density came out directly. Only the second moment of the
entries was used, so nothing needed all moments. Unequal variances EM2

ij = Sij/N turn (16) into
a system of N coupled equations rather than one, which is a change of size and not of method.
A rank-one spike is a rank-one perturbation of the resolvent. And shrinking ℑz toward the real
axis, rather than holding it fixed, is precisely what converts a global law into a local one.
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Exercise 4.17 (type A). Take N = 2 and A =

(
α b
b d

)
with d ̸= 0 and αd − b2 ̸= 0. Invert

A directly and check both statements of Corollary 4.2: (A−1)11 = 1
α−b2/d

, and trA−1 = 1
d +

(A−1)11
(
1+ b2

d2

)
. Then take A = M − zI for a symmetric 2× 2 matrix M and verify (13) by hand:∣∣ tr(M − zI)−1 − 1

M22−z

∣∣ ≤ 1
ℑz .

Exercise 4.18 (type A). Let M be a Gaussian Wigner matrix and σ > 0. The entries of σM
have variance σ2/N off the diagonal. Show, by rescaling z rather than redoing any estimate, that
the transform of σM converges to the root of

σ2m2 + zm+ 1 = 0

in the disk |m| < 1/σ, and use the argument of Remark 4.11 to read off the limiting density
1

2πσ2

√
(4σ2 − x2)+: a semicircle of radius 2σ. The variance of an entry enters the equation in

exactly one place.

Exercise 4.19 (type B). Apply Lemma 4.5 exactly as in the proof of Proposition 4.6, but to
f(M) = trM2 =

∑
i,j M

2
ij , and show

Var
(
trM2

)
≤ π2

8

(
8 +

8

N

)
.

Compute ∂f/∂Mij for i < j and for i = j, remembering that Mij = Mji is one variable. The
exact value is 4+ 4

N , by Wick. The point is that Poincaré sees the O(1) with no combinatorics at
all — the rigidity of Remark 4.7, for the simplest linear statistic there is.

assigned Lecture 8, due at the start of Lecture 9: Exercises 4.17, 4.18, 4.19. Three problems. The second
is the whole lecture in miniature.

Lecture 9 derives the exact joint law of the eigenvalues and reads it as a gas of repelling charges; the semicircle

appears a third time, as its equilibrium measure.
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